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�CU� � R� QDmJwm u�Wa� Qt xm OW��
� R� QDoQR� xm s�vm �O�B u�vJ �Q L R� �Qo�O QYva s�v�wD�t x�o u� �� � L x�oQy
��� wo OOa s�v�wD�t �� � L ��Q� �CU�v w�a u� QDoQR� ��Q�O L �Qo�O CQ��a� �OW��
u��Q��v� �OW�� xDW�O Q�Qk L QO R�v p � ��h xm s�vm ��NDv� u�vJ �Q �
 � h � � �h

p� � �� � h��� � h� � �� � h��� � �� � �� � �	 �� � �

�Pr w
h �

�	 ��

�� � � �
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xm C�Ft ��� wo ��yO�Oa� �xty �xawtHt �U xm O�O u�Wv u�wD�t x��Wt VwQ l� ��
�CU�v QYva u� QDmJwm ��Q�O CU� � R� QDoQR� u�Wa� Qt

u�vJty �OW���t U R� QYva Qy R� QDmJwm L R� QYva Qy xm CU� K��w
�r�N u�Wr��iD xm s�vm �O�B u�vJ �Q U R� QYva l� w L R� QYva l� xm CU� umtt
s�vm ZQi �OW�� lJwm x�wNrO x� � � 
 s�vm ZQi �Qw�vt u�� ��Q� �OW�� QDmJwm

xm OvW�� u�vJ r � U w � � L

�	 �� �
�

� � r� 	 � �
�

� �

x�ou�
r� 	 �� � �r� 	 �� � ��	 ��� �

�

� �
�

� � ��

CW�O s�y�wN r � � w � � � xm �Hv� R� p�L

r 	 � �
r� 	 ��

r � �
� ��

�OW�� L w C�Ft�v ��� wo O�Oa� �xty xawtHt ��tDH� V��tv � s�vm ZQi
�CU� � QO R�v a R� QDmJwm ��� wo OOa Qy Kw�w� x�ou� �a � � Qo � p�L

�CU�v w�a u� QDoQR� ��Q�O � u�vJty
u�� w CU� � �w�Ut u� �� Qt xm CU� �ovo OOa h� QaD �� wo O�Oa� R� � �xawtHt
�OwW�t xO�t�v �� wo ��yOOa R� VN� l� � �OwW�t xO�O V��tv

p� �� nvo OOa
u�� �OwW�t xO�iDU� nvo OOa ��xty u��Q��v� w� Qy h� QaD ��Q� p�Ft u�� �xO��
�� Ov�mOO VQ
 VwQ x� xm OW C��F� Ov�m�O�O QwyWt u�O���� Q �xr�Uw� Q�� u�DUNv
xm OQm s�y�wN KQ	t �Oa� VN� QO �Q Ov�mOO �x� Q�v �CU� hwQat Ov�mOO VN

p�mWD �Q �k�kL O�Oa� x�oDUO nvo w �� wo O�Oa� �xty �Ovm�t h� QaD �Q nvo O�Oa�

�s� Q��t Q�m x� �k�kL O�Oa� �xty �xawtHt V��tv ��Q� �Q R �OvyO�t
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Ov�mOO VN� �


�CU� xOW �R� Qx��B �� wo O�Oa� R� � �xawtHt l� �wQ nvo OOa l� R� Ov�mOO h� QaD
�CU� jO�Y Q� R pwY� QO xm �OwW�t xO�t�v VN� l� xm

��t� �CU�� wo OOa l� pk�OL �w�L � Qo�O CQ��a�  � �� Q w CU� �yD�v � �hr��
�CU�v �y�� wo �xty �w�L

�CU� � QO R�v r R� QDmJwm ��� wo OOa Qy x�ou� �r � � x�oQy ���
�CU�v w�a u� QDoQR� �w�L � �G�

�Q Q �� wo O�Oa� �xty �xawtHt CU� jO�Y jwi X�wN QO xm �� wo O�Oa� R� ��xawtHt
�xty R� ��xawtHt w OwW�t xO�t�v u���B xOQ xm � �xawtHt �Ovm�t s�UkD xOQ wO x�

�OwW�t xO�t�v q�� xOQ �CU�v � QO xm �� wo O�Oa�
q�� xOQ ��t� �CU�v w�a u� QDoQR� ��Q�O �h� QaD x��v� �u���B xOQ xm s�vm xHwD
u� QDmJwm ��Q�O q�� xOQ x�oQy �OW��v �� OW�� QYva u� QDmJwm ��Q�O CU� umtt
� �xawtHt x�oQy w r � Q Qo � �OwW�t xO�t�v �� wo VN� l� VN� u�� �OW�� w�a

s�vm h� QaD Q� R CQwY� �Q

� � fx � Q � x � rg

�Hv� R� �
��x� r� � � x�ou� �x � � x�oQy xm s�v���t �CU�� wo VN� l� � x�ou�

u� QDmJwm r u��Q��v� �r � � w CU�� wo VN� l� � p�L �x � �
��x� r� � r xm

�CU� � x� xDU��w q�� xOQ R� w�a
Q!�vDt �� wo VN� l� �Ovm�t h� QaD �Q �k�kL OOa l� �� wo O�Oa� R� VN� Qy
�Ovvm�t h� QaD �Q nvo O�Oa� �Qo�O ��yVN� �xty �CU�� wo OOa l� �� Ovv�ty �� ��
�k�kL O�Oa� �xty R� �xawtHt Q� R l� nvo O�Oa� �xty �xawtHt q�� �xOW QmP swyit QO

�CU�
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u�wva� �yv� x�oQy OvwW�t xO�t�v sy �w�Ut � w � VN� wO �hr�� ��yh� QaD �
�OvW�� �w�Ut ��y�� wo R� ��� xawtHt

OW�� OwHwt u�vJ ��b x�oQy � � � �� � � �� � � � �� x�ou� � �� � x�oQy ���
�OwW�t h� QaD x��Wt Qw	� � � � �b � � w b �� � xm

OwW�t h� QaD Q� R CQwY� xm CU� 	 �xawtHt �� w � VN� wO �wtHt �G�

	 � fc � Q � c � a� b� a � �� b � �g

VN� l� Ck�kL QO 	 xm s�yO u�Wv O��� �s�U� wv�t 	 � �� � CQwY� �Q u�� w
�CU�

�OvQ�O OwHw q � � ��� wo w p � � ��� wo OOa �OvDUy VN� � w � xm �Hv� R�
p�L �p� q � 	 xm OyO�t u�Wv �a� b � p� q �b � � w a � � Qy ��Q� x�ou�
s�v�wD�t p � c ��� wo OOa Qy ��Q� �c � a� b � 	 �b � � �a � � s�vm ZQi
�p � 	 �Pr w q � � w q � a u��Q��v� �p � q� b xm s�vm �O�B u�vJ �Q q ��� wo OOa
OOa CU� VN� l� � xm �Hv� R� �c � a� b �b � � w a � � ��Q� s�vm ZQi
�p � b � c w p � b � 	 x�ou� �p � � w p � a xm CU� OwHwt u�vJ p ��� wo
l� 	 xm OyO�t u�Wv u�� �CU�v w�a u� QDoQR� ��Q�O 	 xm CU� �vat u�O� u��

�CU� VN�
Ovm�t ��H�� u�� w CU� ���H��H w Q�PBCmQW �yWN� �tH xm s�vm�t xOy�Wt

�OW�� ���H��H w Q�PBCmQW �� wo O�Oa� �tH xm
h� QaD Q� R CQwY� xm 	 Ovv�t CU� ��xawtHt � w � VN� wO �Q� �O�

OwW�t
	 � fc � Q � c � ab� a � �� b � �g�

�CU� VN� l� 	 xm O�O u�Wv u�wD�t ��tH x��Wt �WwQ R� xO�iDU� ��
�CU� ���H��H w �Q�PBDmQW C�Y�N ��Q�O �y�� wo �Q� xm �Hv� R� �u��Q� xwqa

�Ovm�t jOY �yC�Y�N u�� QO R�v �yVQ� �Q�
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O�Oa� x� xDU��w X�wN R� ��xH�Dv �yWQ� �Q� w �tH ��Q� VN� u�v�wk u�vJty
�CU� �� wo

w L Tqm wO x� �k�kL O�Oa� �xty R� R �xawtHt s�vm ZQi ��Ov�mOO� x��k �
xm OW�� xOW s�UkD u�vJ U

�L 
 U � R �hr��
�L � U � 
 ���

�U �� 
 w L �� 
 �G�
�OW�� U QYva Qy R� QDmJwm L QYva Qy �O�

OOa Qy xm CU� OwHwt u�vJ ��m� �ki w l�� OQi x� QYLvt �k�kL OOa l� x�ou�
�OQ�O Q�Qk U QO 	 R� QoDQR� �k�kL OOa Qy w OQ�O Q�Qk L QO 	 R� QDmJwm �k�kL

xDW�O Q�Qk L QO Qo � �OW�� xDW�O Q�Qk U �� L QO CU� umtt 	 �k�kL OOa
�CU� U w�a u� QDmJwm �OW�� U x� jraDt Qo �  CU� L w�a u� QDoQR� OW��

� QO a �L QO ��� ��Q� xm OW�� ��a ��� wo O�Oa� �xty �xawtHt 	 s�vm ZQi
�x�ou� �OW��

s�vm ZQi �OW�� �� wo O�Oa� �xty �w�L Ov�wD�tv 	 �	 �� 
 �L �� 
 xm �Hv� R� �hr��
��Q� �L QO ��� Qy QO Ov�wD�tv p x�ou� �CU�v � QO xm OW�� �� wo l� p w � � U

�OW�� �� QO a ��� wo OOa Qy ��Q� p � a w � � �

�p � a Qo � x�ou� �CU� � QO a �L QO ��� ��Q� x�ou� �OW�� 	 QO a s�vm ZQi ���
�OW���t 	 QO p �Pr w CU� � QO p

l� � xm �Hv� R� �CU� � QO a ���� � L ��Q� x�ou� �OW�� 	 QO a s�vm ZQi �G�
�OW���tv w�a u� QDoQR� ��Q�O 	 u��Q��v� �CU�v w�a u� QDoQR� ��Q�O � �CU� VN�
�CU� �k�kL OOa l� 	 �Qo�O CQ��a� �CU�� wo O�Oa� R� VN� l� 	 �Pr
OOa �	� � 	� xm OW�� OwHwt u�vJ 	� w 	� OOa wO x�oQy �Q� R  CU�Dm� u�vJty
��H�� u�� �	� � 	� xm �Hv� R� p�L �	� � 	� � 	� xm s�vm�t �O�B u�vJ �Q 	�
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�� Zk�vDt u�� w 	� � L s� Qw��t CUO� 	� � 	� R� �xQ�� wO �	� � U xm Ovm�t
�CU� ���

�� xm CU� s�kDUt �N l� �wQ ���yx	kv CQwY x� �� wo O�Oa� �UOvy V��tv
�U�vt pw� l� w �OwW�t xO�t�v ��O�t xm �
 OOa u�wva� �N �wQ ��x	kv Qy ��NDv�
�wQ Ovv�wD�t �� wo O�Oa� �xty VwQ u�� QO �CU� Q�PBu�mt� OL�w pw� u�wva� ��O�t R�
���yxvNQ Rwvy �OvOW ��NDv� �y�� wo �xty xmv�� R� Oa� �OvwW sUQ s�kDUt �N l�
Ow� Ovy�wN OwHwt �N �wQ x	kv �O�OaD xmv�� �va� �CW�O Oy�wN OwHw �N �wQ
�wQ "�kv u�� xm O� wo�t Ov�mOO �x��k �OvwW�tv xO�O V��tv �� wo O�Oa� �xr�Uw� xm
u��Q��v� �CU� �N �wQ x	kv l� �� Q!�vDt V��tv CU�v ���� wo I�y V��tv xm �N
CQ��a�  OQ�Ov OwHw ��xvNQ I�y �k�kL O�Oa� �xty �xawtHt QO ��� wo O�Oa� hqN Q�

�CU� pt�m �k�kL O�Oa� �xawtHt �Qo�O
Qo�O �xH�Dv u�OvJ �OwW�t xO�t�v �k�kL O�Oa� C�t�tD �� p�tm C�Y�N u��

�OW Ovy�wN KQ	t xt�O� QO �k�kL O�Oa� syt X�wN R� pO�at w

��DQD pwY� w u�O�t ��

Qorta u��Q��v� w OvW���t R x� R� R R� ���yDW�ov R QO �Q� w �tH pta wO
��Q� �CU� Q�QkQ� �k�kL O�Oa� �xty �xawtHt QO Q� R X�wN �OvwW�t xO�t�v ���DwO

�a� b� c � R Qy
�uOw� xDU� uwv�k� a� b � R ��

����H��H uwv�k� a� b � b� a ��
��Q�PBCmQW uwv�k� a� �b� c� � �a� b� � c ��

���tH ��FvN OwHw� a� 
 � a xm CU� OwHwt u�vJ 
 � R QYva �

�a� �	a� � 
 xm CU� OwHwt u�vJ �	a� � R QYva �a � R Qy ��Q� ��

��Q� ��Q� uOw� xDU� uwv�k� ab � R ��
����H��H uwv�k� ab � ba ��
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��Q�PBCmQW uwv�k� a�bc� � �ab�c ��
��� Q� ��FvN� a� � a xm CU� OwHwt u�vJ �� �� 
 �� � R QYva �	

aa�� � � xm CU� OwHwt u�vJ a�� � R QYva �a �� 
 �a � R Qy ��Q� ��

�QiYQ�e QY�va R� �� Q� Twmat�

R�R R� ���yDW�ov �Q� w �tH �Q� R �OvDUy �O��R ��yxQ�Ro � w � X�wN
�CU� �k�kL O�Oa� �Q� w �tH CLD �v�O�t R Qo�O CQ��a� �OvW���t R x�

Qw	� �OwW�t xDWwv a	 bCQwY� w OwW�t h� QaD a��	b� �� b w a p��iD
�OwW�t xDWwv a

b
CQwY� w OwW�t h� QaD ab�� �� b �� 
 �b w a CtUkGQ�N x��Wt

R� P �yD�v xawtHt Q� R l� x�oQy OwW�t xO�t�v �DQt u�O�t F u�O�t �h� QaD �
xm OW�� OwHwt u�vJ F

�hr��
P 
 f
g 
 �	P � � F

w l� �F �DQt u�O�t QO a Qy ��Q� �Qo�O CQ��a� ��	P � � f�	x� � x � Pg xm
�OW�� CUQO Q� R ��yxQ�Ro R� �m� �ki

a � P �� 	 a � P �� a � 


�a� b � P x�ou� a� b � P x�oQy ���
ab � P x�ou� a� b � P x�oQy �G�

�s�vm�t h� QaD Q� R CQwY� ���DwO �x	��Q l� OW�� �DQt u�O�t l� F x�oQy
�yvD w Qo � a � 
 xS� w� �a 	 b � P Qo � �ki w Qo � a � b �a� b � F ��Q�

�OwW�t xO�t�v F QO C�Ft QY�va �xty �xawtHt P �xawtHt u��Q��v� �a � P Qo �
�s�vm�t KQ	t �Q Q� R ��yx	��Q

a 
 b�� a � b �� a � b

a � b�� a � b �� a � b�
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CQ��a� �CU� F QO �DQt #qt�m �x	��Q l� �q�� QO xOW h� QaD 
 �x	��Q �x��k �
�Qo�O

��U�mav�� a 
 a �hr��
�uQ�kDtO�B� a � b x�ou� b 
 a w a 
 b x�oQy ���

��OaD� a 
 c x�ou� b 
 c w a 
 b x�oQy �G�
�CU� Q�QkQ� Q� R ��yxQ�Ro R� �m� �ki w l� a� b � F ��Q� �O�

a � b �� a � b �� b � a�

�OwW�t Q�Po �w xOvv�wN x� u� QtD u�wvax� C��F�

�P � fx � R � x � 
g ���DQt u�O�tl�R�k�kL O�Oa� u�O�t ���DQDpY�	
�OW���t ��DQD pY� x� hwQat u��

CQwY� �s�yO�t V��tv jxj �� xm �x jr	tQOk �x � R s�vm ZQi �jr	tQOk �
OwW�t h� QaD Q� R

jxj �

����
���
x 
x � 

	x 
x � 


a� b � R ��Q� �x��k �
jaj � 	a w jaj � a �hr��

�ja� bj 
 jaj� jbj ���

�	a 
 
 �u��Q� xwqa �jaj � a h� QaD x��v� �a � 
 s�vm ZQi �hr�� �u�yQ

�jaj � 
 � a w jaj � 	a x�ou� �a � 
 s�vm ZQi �jaj � 
 � 	a u��Q��v�

�CU� Q�QkQ� �k�kL OOa Qy ��Q� �hr�� u��Q��v�
�jaj� jbj � a� b x�ou� �jbj � b w jaj � a x�oQy ���
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x��v� �jaj� jbj � 	a	b � 	�a�b� x�ou� �jbj � 	b w jaj � 	a x�oQy
ja� bj 
 jaj� jbj p�L Qy QO �	�a� b� �� CU� a� b �w�Ut �� ja� bjh� QaD

� �Ovm�t pt�m �Q C��F� u�� w

u�Qm l� b � R QYva �OW�� R R� �yD�v ��xawtHt Q� R S s�vm ZQi �h� QaD �
� x 
 b �x � S Qy ��Q� x�oQy OwW�t xO�t�v S ��Q� q��

�p�Ft 

QDoQR� OOa Qy �OQ�O q�� u�Qm u�wva� �Q �
 �S � f����������	g �xawtHt �hr��

�CUq�� u�Qm l� u�wva� 	 �w�Ut ��
�CU�vq�� u�Qm ��Q�O S � fx � R � x � 
g ���

�OQ�O q�� u�Qm u�wva� �Q � �S � fx � x � n
n�� � n � ���� � � � g �G�

q�� u�Qm l� ��Q�O x�oQy OwW�t xO�t�v Q�Ov�Qm q�� R� S � R �xawtHt �h� QaD ��
�OW��

xYqN Qw	�� st� QB wU �� � lub xYqN Qw	�� q�� u�Qm u� QDmJwm �c � R OOa
x�oQy OwW�t xO�t�v S �xawtHt �sup

�OW�� q�� u�Qm l� c �hr��
�b � c x�ou� �OW�� c R� Q�e x� q�� u�Qm l� b x�oQy ���

�OW���t ��� 	 p�Ft lub �� w OW���t �hr�� 	 p�Ft lub �	 �hr�� �xQY�D ��
�CU�Dm� CU� Q�O u�Qm q�� R� xm ��xawtHt lub ���

x m � k � kL O�O a� R� � y D� v �x aw t H t Q y �R �� DQ D C� t� t D pY� ��
�OW���t R QO lub ��Q�O OW�� Q�Ou�Qm q�� R�

xYqN Qw	�� st�iv�� �� �glb xYqN Qw	�� u���B u�Qm u� QDoQR� w u���B ��yu�Qm
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b � R �p�Ft ��Q� �OvwW�t h� QaD x��Wt VwQ x� R �yD�v ��yxawtHt Q� R R� �inf
�x � b �x � S Qy ��Q� x�oQy OwW�t xO�t�v S � R �yD�v �xawtHt ��Q� u���B u�Qm
Qy ��Q� w OW�� S ��Q� u���B u�Qm l� c x�oQy OwW�t xO�t�v S �xawtHt glb �c � R

�b � c �c R� Q�e x� b u���B u�Qm
�OwW u��� Q� R pO�at CQwY� Ov�wD�t u�vJty ��DQD C�t�tD pY�

CU� u � �� B u�Q m ��Q�O x m � k � k L O�O a� R� �y D� v �x aw t H t Q y ���
xO�t�v ��DQD C�t�tD pwY� �q�� pY� wO Qy �� l� Qy �OW�
�t R QO glb ��Q�O
�yv� R� ��a� xm OvOwHwt C�t�tD R� �Qo�O pO�at ��yDQwY u�vJty �OvwW�t
�xr��vO Qy ��va�� CU� �Wm C�t�tD �yv� R� �m� �OvW���tv ��DQD Q�DN�U ut�Dt

�OW Oy�wN C��F� � pYi QO xm �CU�Qoty �k�kL O�Oa� R� �Wm

�b� c � F ��Q� x�oQy OwW�t xO�t�v �UO�tWQ� �DQt F �DQt u�O�t �h� QaD ��
xm OW�� OwHwt u�vJ n C�Ft K�LY OOa �c � 


nc � c� c� � � �� c� �z �
x�DQt n

� b

a � 
 w a� b � R x�oQy �va� �CU� �UO�tWQ� �DQt R�DQt u�O�t �x��k �	
�na � b xm CU� OwHwt u�vJ n C�Ft K�LY OOa x�ou�

K�LY OOa Qy ��Q� xm s�vm ZQi hrN u�yQ� x� �a� b � R s�vm ZQi �u�yQ

b �CU� Q�Ou�Qm q�� R� S � fna � n � Ng �xawtHt u��Q��v� �na � b �n C�Ft
M xm OW�� st� QB wU ��Q�O O��� S �R C�t�tD C�Y�N x��v� �OW���t q�� u�Qm l�

�n � N Qy ��Q� �Pr �s�t�v�t

na 
M �� �n� ��a 
M �� na 
M 	 a
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w CUq�� u�Qm �sup R� QDmJwm �OOa u��Q��v� �CU� S R� q�� u�Qm l� M 	 a ��va�
� �Ovm�t C��F �Q xH�Dv Zk�vD u��

pt�m �UO�tWQ� �DQt u�O�t CQwY� #�k�kO Ov�wD�t �k�kL O�Oa� x�oDUO �Pr
�Ov�X�NWDp��k Q�e swyitu�� QOpt�m�UO�tWQ��DQt u�O�t wO Qy ��t� �OwWh�YwD
�iL R�v �Q ���DwO p�ta� xm OvQ�O OwHw �yv� u�� �l� x� l�� ��� Q!�vD l� xJ
u�O�t u�wva� �Q �k�kL O�Oa� x�oDUO w s� Q�PB�t u�yQ� uwO� �Q Ck�kL u�� �Ovm�t

�s�vm�t h� QaD pt�m �UO�tWQ� �DQt

�x��k x��v� x�ou� �OW�� C�Ft �k�kL OOa Qy x s�vm ZQi ��Q�Wa� V��tv ��
xm s�vm �O�B u�vJ �Q n C�Ft K�LY OOa s�v�wD�t ��

n 
 x � �n� ���

�OW�� f
�������
���������	g �xawtHt R� �OOa �i � N� di s�vm ZQi
�O� Q�o� Q�v QO Q� R CQwY� �Q E �xawtHt

E � fn� d�
�
 �

d�
�
�

� � � �� dk
�
k � k � 
����� � � � g�

s�U� wv� s�v�wD�t u��Q��v� �x � lub E x�ou�

x � n�
d�
�
 �

d�
�
�

� � � � � n�d�d�d� � � � �

�OwW�t xO�t�v �k�kL OOa l� �Q�Wa� V��tv u��
OOa �y�vDt O�OaD ��Q�O �� wo O�Oa� �xty xm OUQ� Q�v x� xvwov�� CU� umtt

�Ow� Oy�wN �Q�Wa� V��tv QO Q�Wa� x	kv R� Oa� �w�vDt

�Q�tW�v w �Q�tW ��yxawtHt �


Qw	� w� �Ov�O�t �Q VQ�tW �QwY Qw	� R�J Qy R� p�k xJ� l� xm s�v�O�t x� QHD x�
�rUD l� x� l� Q!�vD QO ���W� R� xawtHt wO uDW�Po �� uO�OQwH x� u�tR QO �OwyW

http://math75.ir


�� �rDNt w �k�kL O�Oa� x�oDUO ��

swyit �QwY Qw	� p�L �OwW�t xO�t�v �� wUwO Q!�vD �R�J u�vJ w Ovm�t �O�B
�s�yO�t K��wD h� QaD l� pmW x� �Q uO�OQwH

w OvwW�t xO�t�v RQ�sy B w A �OvW�� xawtHt wO B w A s�vm ZQi �h� QaD �
�OW�� OwHwt f � A� B �� wUwO ���D l� x�oQy s�U� wv�t A � B CQwY�

#�k�kO R�v B x�o u� �A � B w OW�� QYva n �� �y�vDt ��xawtHt A x�oQy
x�ou� B � A w OW�� �y�vDt �xawtHt l� A x�oQy u�vJty �CU� QYva n ��Q�O
�CU�v CUQO �y�vDt�v ��y�xawtHt ��Q� �r	t u�� ��t� �OW�� A RQ�sy Ov�wD�tv B

�s�yO�t u�Wv xO�U p�Ft wO �� �Q �r	t u�� p�L

�OW�� GwR C�Ft K�LY O�Oa� �xty �xawtHt V��tv A s�vm ZQi �hr�� �yr�Ft �
��t� �A � N x�ou�

f � N� A

�N � A u��Q��v� w CU� �� wUwO l� f�n� � �n �� xOW h� QaD
�xr�Uw� xOW h� QaD f �Z� N ��t� �N �Z���

f�n� �

��������
�������


 
n � 

	�n	 � 
n � 

�n 
n � 


�N �Z�Pr w CU� �� wU wO l�
�OvW���t �Ov�xDUO p��k Q� R CQwY� �y�vDt�v ��yxawtHt xm OyO�t u�Wv u��

�OW�� RQ�sy N �� x�oQy CU� �y�vDt�v �Q�tW Qw�� �y�vDt�v �xawtHt l� �h� QaD �
xawtHt l� �OW�� �y�vDt�v �Q�tW Qw	� �� �y�vDt �� x�oQy CU� �Q�tW xawtHt l�

�OwW�t xO�t�v �Q�tW�v OW��v �Q�tW xm
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�CU� �Q�tW ��Q�tW �xawtHt l� R� xawtHtQ� R Qy �x��k �

�CU�Q�tW B xm O�O s�y�wN u�Wv �OW�� B � A w �Q�tW A s�vm ZQi �u�yQ

A xm s�vm ZQi p�L �CU� �Q�tW B Kw�w� x�ou� �OW�� �y�vDt B �� A x�oQy
s�v�wD�t CU�Q�tW A xm �Hv� R� �OW�� A R� �y�vDt�v �xawtHt Q� R l� B w �y�vDt�v

s�U� wv�
A � fx�� x�� x�� � � � � xn� � � � g�

n� xm OW�� xOW h� QaD f��� � xn� CQwY� f � N � B CW�ov s�vm ZQi
s�vm ZQi �xn� � B xm CU� C�Ft K�LY OOa u� QDmJwm

f��� � xn�

u�� �xt�O� �� �xn� � B xm u�vJ CU� n� R� QDoQR� C�Ft K�LY u� QDmJwm n� xm
s�U� wv�t �rm Cr�L QO VwQ

f�k� � xnk

l� u��Q��v� �xnk � B xm u�vJ CU� nk�� R� QDoQR� C�Ft K�LY u� QDmJwm nk xm
� �CU� �Q�tW B �Pr w CU� OwHwt B w N u�� l� x� l� Q!�vD

�CU� Q�PBVQ�tW ��Q�tW ��yxawtHt R� �Q�tW ��tDH� �x��k 	

�Q�tW ��yxawtHt R� �Q�tW ��xO�wv�N fA� � A�� � � � � An� � � � g s�vm ZQi �u�yQ

O�yO Q�Qk �OW��

A �
��
n��

An�
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s�U� wv� s�v�wD�t CU� �Q�tW An Qy xm �Hv� R� �CU� �Q�tW A xm O�O s�y�wN u�Wv

A� � fx��� x��� x��� � � � g
A� � fx��� x��� x��� � � � g
A� � fx��� x��� x��� � � � g�

�Q QY�va u�� s�v�wD�t w CUq�� �xOW CU�r QY�va �xty R� pmWDt #�k�kO A �xawtHt
�s�vm �DQt Q� R VwQ x� �yQ	U xr�Uw� xOW XNWt CQwY�

x��
x��� x��
x��� x��� x��
 � � � � ���

CU�r QY�va x�ou� �OvW��v lQDWt QY�va ��Q�O An ��yxawtHt R� �D wO I�y x�oQy
R� N �xawtHt w A �

S�
n�� An u�� ��� Q!�vD l� w OvR��tDt �oty q�� QO xOW

QY�va Q� R ��yQ� wYD xm O���t CUO� Q� R CQwY� xm OQ�O OwHw C�Ft K�LY O�Oa�
�Ov�xOW xDWwv

x�� x�� x�� x�� x�� x�� � � �
� � � 
 � � � � �

R� QDW�� �OvW�� lQDWt QY�va ��Q�O An �xawtHt wO x�oQy �OW�� �Q�tW O��� A u��Q��v�
CU� OwHwt u�vJ N R� B �xawtHt Q� R l� u��Q��v� �s� Q�PB�t ��� CU�r QO �Q �m�
�CU� N ��Q�tW �xawtHt R� ��xawtHtQ� R B xm �Hv� R� p�L �OvRQ�sy B w A xm

� �CU�Q�tW A u��Q��v� w CU�Q�tW

�CU� �Q�tW�v �k�kL O�Oa� �xty R� R �xawtHt �x��k �

R� �s� Q�o�t Q�v QO CU� R R� ��xawtHtQ� R xm �Q �
��� R�� �xR�� �OD�� �u�yQ

�k�kL O�Oa� xty �xawtHt xm O�vm ZQi w O�vm xO�iDU� �k�kL O�Oa� �Q�Wa� V��tv

w �
��� � A s�U� wv�t �OW�� Q�PBVQ�tW �
��� QO

A � fxn
 
 � xn � � n � ������ � � � g
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xm

x� � 
�d��d��d�� � � �
x� � 
�d��d��d�� � � �
���

xn � 
�dn�dn�dn� � � �

p�L �i� j � ������ � � � Qy ��Q� dij � f
�������
���������	g � D xm
xm s�vm�t CUQO u�vJ �Q x� �k�kL OOa

x� � 
�d�d�d� � � �

O�yO Q�Qk i � ������ � � � ��Q� �di � D �i � ������ � � � ��Q� u� QO w

di �

����
���

� 
 dii �� �
� 
 dii � �

�

��t� �x� � �
��� u��Q��v�

x� �� xi i � ������ � � � Qy ��Q�

�R w CU� �Q�tW�v �
��� xm OyO�t u�Wv Zk�vD u�� �x� �� A xm Ovm�t ��H��
� �Ow� Oy�wN �Q�tW�v �
 �x��k x��v� �R�v �
��� R� xawtHt Q�� l� u�wva�

�
��� xmv�� R� uDiQo ltm �� u�� �CU� �Q�tW�v R �wQ �a� b� �xR�� Qy �xH�Dv
p�O�D w CU�Q�tW�v

f�x� � a� �b	 a�x

�OW���t C��F� p��k �l� x� l� Q!�vD l� u�wva�� OQ�ov�t �a� b� �wQ� �Q �
��� xm
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�yxR�� w �yxawtHt ��

�� xOW h� QaD A �xawtHt

A � fx � R � a � x � bg

x��Wt Qw	� �OwW�t xO�O V��tv �a� b� �� w OwW�t xO�t�v R�� �xR�� �Ov��k�kL b w a xm
�xawtHt

A � fx � R � a 
 x 
 bg
�OvyO�t V��tv �a� b	 �� xm OwW�t xO�t�v xDU� �xR��

CU�Q R� w R�� AJ R� �a� b	 �xR�� �s� Q�O R�v xDU�s�v w R��s�v ��yxR�� u�vJty
�yxR�� u�� �OW���t R�� CU�Q R� w xDU� AJ R� �a� b� �xR�� Qw	v�ty �OW���t xDU�

�OvW���t fx
 a 
 x � bg w fx � a � x 
 bg ��yxawtHt V��tv ��DQD x�

x�oQy OwW�t xO�t�v a �x	kv R� �o��Uty � �k�kL O�Oa� R� N �xawtHt �h� QaD �
xm �� � 
 xm �OW�� OwHwt u�vJ �a	 �� a� �� R�� �xR��

�a	 �� a� �� � N�

R� �o��Uty wO N� w N� x�oQy �CU� V��kv R� s�Om Qy R� �o��Uty �R�� �xR�� l�
�Ow� Ovy�wN a �x	kv R� ���y�o��Uty R�v N� �N� w N� 
N� x�ou� OvW�� a �x	kv
xm OW�� OwHwt u�vJ � � 
 x�oQy OwW�t xO�t�v �vwQO �x�kv E �xawtHt R� x �x	kv

�x	 �� x� �� � E�

�OW�� �vwQO �x	kv �V�x	kv Qy x�oQy OwW�t xO�t�v R�� �k�kL O�Oa� R� E �xawtHt
�CU� R�� �xawtHt �R�� �xR�� l�

x R� �o��Uty Qy x�oQy �OW�� x � R w R R� ��xawtHtQ� R E s�vm ZQi
 OwW�t xO�t�v E �O 	L �x�kv x x�ou� �OW�� x R� Q�e x� E R� x	kv l� pk�OL �w�L

�OW��v �� OW�� E QO CU� umtt x
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�OwW�t xO�t�v xDU� �xawtHt E x�ou� OvW�� E OwN QO E ��OL "�kv �xty x�oQy
�CU� R�� �xawtHt �xDU� �xawtHt l� stDt

�OwW�t xO�t�v xawtHt R� �yvD �x	kv OW��v xawtHt l� R� �OL �x	kv xm x	kv l�

�OL �x	kv l� ��Q�O �y�vDt�v Q�Ov�Qm �xawtHt Qy �T�QDW�Q��w�wv�RDrw
� x��k �
�CU�

�rDNt O�Oa� ��

b w a �k�kL O�Oa� �CU� �k�kL O�Oa� R� �a� b� �DQt GwR z �rDNt OOa l�
s�U� wv�t u�O�tv Qw	� �OvwW�t xO�t�v z �twywt w �k�kL ��yCtUk ��DQD x�
�w�Ut z� � �a�� b�� w z� � �a�� b�� �rDNt OOa wO �b � Imz w a � Rez

�xty �xawtHt V��tv ��Q� �Q C �b� � b� w a� � a� Qo � �yvD w Qo � OvwW�t xO�t�v
�OvwW�t h� QaD Q� R CQwY� C QO �Q� w �tH �s� Q��t Q�m� �rDNt O�Oa�

z� � z� � �a� � a�� b� � b��

z��z� � �a�a� 	 b�b�� a�b� � a�b���

O�O u�wD�t �DL�Q� �OwW�t u�O�t l� x� p�O�D C �q�� QO xOW h� QaD �Q� w �tH ��
Ovvm�t jOY �Q�PBVNB u�v�wk w ���H��H ��Q�PBDmQW C�Y�N QO �Q� w �tH xm
�
�
� �rDNt O�Oa� �s�vm�t Q�Po �w xOvv�wN x� u� QtD u�wva x� �Q u�v�wk u�� �UQQ� w
CQwY� C QO s�UkD w j� QiD p�ta� �OvW���t C QO �Q� w �tH ��FvN ���
� w

�OvwW�t h� QaD Q� R

z� 	 z� � �a� 	 a�� b� 	 b��

z�
z�

� �
a�a� 	 b�b�
a�� � b��

�
a�b� 	 a�b�
a�� � b��

�
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�z� � �a�� b�� �� �
�
� u� QO xm
�OvQ�QkQ� Q� R X�wN a� b � R ��Q� xm s�vm xHwD

�a�
� � �b�
� � �a� b�
��
�a�
���b�
� � �ab�
��
�a�
�
�b�
� � �

a

b
�
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 b �� 
�

�R�U u�Um� u�� �� w s� Q�o� �m� a �k�kL OOa �� �Q �a�
� �rDNt OOa s�v�wD�t
�rDNt OOa xm s�v���t �OwW xDiQo Q�v QO C R� xawtHt Q� R l� u�wva�RCU� umtt
w �a�
� �Dkw �CU� i � �
��� xm OwW�t xDWwv a � ib CQwY� QDW�� �a� b�

x�ou� �s� Q�o� �m� b w a �� ��DQD x� �Q �b�
�

a� ib � �a�
� � �
����b�
� � �a�
� � �
� b�
� �a� b��

�xrO�at xm s�vm xHwD �i� � �
����
��� � �	��
� � 	� xm s�vm xHwD
xm �CU� pL p��k C QO xrO�at u�� ��t� �CU�v ��wH ��Q�O R QO z� � � � 

xW� Q l� ��Q�O �rDNt ���Q� �� xrO�at Qy Ck�kL QO �OvW���t �i u� ��yxW� Q
xO�iDU� �rDNt R�r�v� xO�� R� �u�� u�yQ� QO �CU� C QO ��yxW� Q �xty Ck�kL QO�

�s�vm�tv C��F� �Q u� �Hv�� QO w OwW�t

p
a� � b� OQi x� QYLvt �ivt�v �k�kL OOa x�ou� �z � �a� b� x�oQy �h� QaD �

GwORt �a�	b��rDNt OOa �OwW�t xDWwv jzjCQwY� w xO�t�v z O�r�m �� jr�tQOk
�OwW�t xDWwv �z CQwY� w OwW�t xO�t�v z

x�ou� z� z�� z� � C x�oQy �x��k �
�z � 
 Qo � �ki w Qo � jzj � 
 �jzj � 
 �hr��

http://math75.ir


���� Q R�r�v� ��

�jz�z�j � jz�jjz�j ���
�jz� � z�j 
 jz�j� jz�j �G�

�z� � z� � z� � z� �O�
�z�z� � �z� �z� �y�

�� z�
z�
� � z�

z�
�w�

�zz � jzj� �K�
�CU� �k�kL z � z �"�
�z � z �� z � R ���

��iIm z � z 	 z w �Re z � z � z �l �
�z � z �p�

�z�� z� � C ��Q� �s�vm�t C��F �Q �G� �ki �u�yQ


jz� � z�j� � �z� � z���z� � z�� � �z� � z���z� � z��

� z�z� � z�z� � z�z� � z�z�

� jz�j� � jz�j� � �Re�z�z��

 jz�j� � jz�j� � �jz�z�j
� jz�j� � jz�j� � �jz�jjz�j
� �jz�j� � jz�j����
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QO pwtWt xm CN�U s�y�wN u�vJ �Q x RmQt x� R�� �wo l� �x � Sr�a� w OW�� X QO
r� � r	d�x� a� � 
u��Q��v� �d�x� a� � r �x � Sr�a� xm �Hv� R� �OW��Sr�a�
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�y � Sr��x� s�vm ZQi �u�� uO�O u�Wv ��Q� �Sr��x� � Sr�a� p�L ����� pmW�

��
��ss

a

x

��� pmW

u��Q��v� �d�y� x� � r� x�ou�

d�y� a� 
 d�y� x� � d�x� a�

� r� � d�x� a�

� r 	 d�x� a� � d�x� a�

� r�

� �Ovm�t pt�m �Q C��F� u�� w y � Sr�a� u��Q��v�

�a�tDH� Qo � �yvD w Qo � CU� R�� �X� d� l� QDt ���i QO G �xawtHt Q� R �x��k �
�OW�� R�� ��y�wo R�

x�ou� �OW�� R�� ��xawtHt G � X w l� QDt ���i �X� d� s�vm ZQi �u�yQ

R�� �wo �xty ��tDH� G u��Q��v� �OW���t G QO pwtWt R�� �wo l� RmQt G �x	kv Qy
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�OW���t u� QO pwtWt
x x�ou� �x � G w OW�� R�� ��y�wo R� ��x��OQo ��tDH� G s�vm ZQi  TmaQ�
CU� R�� ��xawtHt Sr �a� xm �Hv� R� �OQ�o� Q�Qk Sr�a� � G Ovv�t �R�� �wo QO O���
Sr��x� � G u��Q��v� �OQ�O OwHw Sr�a� QO pwtWt Sr��x� R�� �wo �x � Sr�a� w

� �CU� R�� G �Pr w

x�ou� �OW�� l� QDt ���i �X� d� s�vm ZQi �x��k �
�OvDUy R�� ��yxawtHt X w 
 �hr��

�CU� R�� X QO R�� ��yxawtHt R� O�OaD Qy ��tDH� ���
�CU� R�� X QO R�� ��yxawtHt R� �y�vDt O�OaD Qy l �QDW� �G�

u��Q��v� w CU� X QO pwtWt Kw�w� X R� x	kv Qy RmQt x� R�� �woQy �hr�� �u�yQ

�Pr w Ovm�t jOY 
 �xawtHt ��Q� R�� �xawtHt h� QaD ���QW Kw�w� �OW���t R�� X

�CU� R�� 

R� ��xO�wv�N �OW���t Q�PoU�Ov� �xawtHt l� I xm �fGi � i � Ig s�vm ZQi ���
x�ou� �OvW�� �yD �yGi x�o Qy � G � 


i�I
Gi O�yO Q�Qk w OW�� X QO R�� ��yxawtHt

Gi Qy xm �Hv� R� �OvW�� �yD�v �y Gi s�vm ZQi �CU� R�� u��Q��v� w CU� �yD G
R�� �Pr w Ow� Oy�wN R�� ��y�wo u�vJ R� �a�tDH� G �CU� R�� ��y�wo R� �a�tDH�

�CU�
X QO R�� ��yxawtHt R� �y�vDt ��x��OQo fGi � i � ���� � � � � ng s�vm ZQi �G�
�CU� R�� �Pr w G � X x�ou� �OW�� �yD fGig x�oQy �G � �ni��Gi O�yO Q�Qk w OW��
u��Q��v� �CU� R�� Kw�w� x�ou� �OW�� �yD G x�oQy �OW�� �yD�v fGig xm s�vm ZQi
�x � Gi �i � ���� � � � � n Qy ��Q� x�ou� �OW�� x � G w G �� 
 xm s�vm ZQi
�Sri�x� � Gi xm CU� OwHwt u�vJ ri � 
 �i Qy ��Q� u��Q��v� �CU� R�� Gi Qy ��t�
R�� G �Pr w Sr�x� � �ni��Gi � G x�ou� �r � min�r�� r�� � � � � rn� O�yO Q�Qk

� �CU�
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�CU�v R�� #�twRr �R�� ��yxawtHt R� O�OaD Qy l �QDW� xm s�vm xHwD �hr�� ��yxQY�D �
w X � R O�yO Q�Qk �Qw�vt u�� ��Q�

Gn � �	�
n
�

�
n
� � fx � R � 	�

n
� x �

�
n
g

Cr�L u�� QO ��t� �OW���t R�� �xawtHt l� �Pr w CU� R QO R�� �xR�� l� Gn Qy x�ou�

��n��Gn � ��n���	
�
n
�

�
n
� � f
g

�	�� pmW� �CU�v R�� �xawtHt xm

	� 	�
� 
 �

� �

	�� pmW

�ki xm ��xawtHt ��va�� �w�a lD xawtHt Qy �X� d� l� QDt ���i Qy QO ���
�CU�v R�� �xawtHt �CU� x	kv l� R� pmWDt

�CU� R�� ��y�wo R� �a�tDH� l� QDt ���i Qy QO R�� �xawtHt Qy xm s�O�O
Q�PBVQ�tW ��tDH� R�� �xawtHt Qy #qFt �CU� CUQO �yR�J QDW�� ��k�kL �N QO

�CU� sy R� �OH R�� ��y�wo R�

R� �OH R�� ��yxR�� R� ���Q�tW ��tDH� ��k�kL �N �wQ R�� �xawtHt Qy �x��k 

���tDH� QO xOW Qy�! CqtH ��DQD uDiQo Q�v QO uwO� �W��tv u�vJ l� w CU� sy

�CU� OQi� QYLvt

xR�� l� R� pmWDt G x�oQy �OW�� R QO �R�� �xawtHt Qy G s�vm ZQi �u�yQ

R� �a � G s�vm ZQi �OW��v xvwov�� x�oQy �OQ�Ov OwHw C��F� ��Q� �R�J x�ou� �OW��
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ZQi �a � I � G xm CU� OwHwt u�vJ I R�� �xR�� �a � G w CU� R�� G xm �Hv�
��Q� �Q� R �OQ�O OwHw ��xR�� u�vJ l� �OW�� jwi C�Y�N �� R�� �xR�� u� QDoQR� Ia s�vm
lub �CU�Q ���yDv� �x	kv ��Q� w �yI �xty AJ ���yDv� "�kv glb �u� AJ ��yDv� �x	kv

�G � 

a�G

Ia xm CU� K��w �s�yO�t Q�Qk �Q �yI CU�Q ���yDv� "�kv
�OH �� Ovv�Um� �� Ib w Ia ��yxR�� xm s� Q�o�t xH�Dv x�ou� �b � G s�vm ZQi
u�� �� Zk�vDt u�� w Ia � Ia 
 Ib �a � Ia 
 Ib ��Q� �CQwYv��Q�e QO �Ov�sy R�
�OH ��tDH� G u��Q��v� �OW���t a � Ia � G �� xR�� u� QDoQR� Ia xm CU� Ck�kL

�OW���t R�� ��yxR�� R� sy R�
�CU� Q�PBVQ�tW �yxR�� u�vJ s�tD R� ��xO�wv�N xm s�yO�t u�Wv xt�O� QO
�w�L R��tDt ��yxR�� w CU�� wo OOa l� �w�L ��xR�� u�vJ Qy xm s�vm�t xOy�Wt
w O�vm ��NDv� R��tDt ��yxR�� u�vJ Qy R� �Q �� wo OOa l� �OvR��tDt ��� wo O�Oa�
��t� �A � Q p�L �OyO V��tv �Q ���� wo O�Oa� u�vJ xty �xawtHt A O�vm ZQi
A u��Q��v� �CU� Q�PBVQ�tW ��Q�tW �xawtHt l� R� �xawtHt Q� R Qy w CU�Q�tW Q
sy R� R��tDt R�� ��yxR�� �xO�wv�N �� ��� Q!�vD QO A u�� Q� xwqa �CU� Q�PBVQ�tW

�CU� Q�PBVQ�tW �yxR�� u�vJ R� ��xO�wv�N �Pr w OW���t G u�Wa�tDH� xm CU�
�OW�� xDW�O OwHw G R� Cw�iDt V��tv wO xm s�vm ZQi ����Dm� ��Q� �C��yv QO
V��tv R� J �� I �xR�� x� w pw� V��tv R� I xR�� x� xm OQ�O OwHw a � G x	kv l� x�ou�
�OW�� �Qo�O ��Qw�t VDaUw O��� �yv� R� �m� �J �� I xm �Hv� R� �CU� jraDt swO
"�kv R� �m� xm Ovm�t ��H�� u�� �OW�� I ��Qw�t J CaUw s�vm ZQi ��DL�Q ��Q�
G x� jraDt Ovv�wD�tv I ���yDv� "�kv w R�� G xm �Hv� R� �CU� J x� jraDt I ���yDv�

� �Ovm�t pt�m �Q x��k C��F� u�� �CU� umtt Q�e u�� �J � G xm OvW��

xDU� ��yxawtHt �


x � X x	kv �OW�� A � X w l� QDt ���i �X� d� s�vm ZQi �h� QaD �
Q�e x� A R� x	kv l� �w�L x RmQt x� R�� �wo Qy x�oQy OwW�t xO�t�v A �OL x�kv
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� l� QDt ��y��i ��

�� � 
 Qy ��Q� x�oQy �CU� A � R �OL x	kv x � R �x	kv �xS� w� �OW�� x R�
OW��v �OL �x	kv xm x	kv l� �OW�� x R� Q�e x� A R� ��x	kv �w�L �x	 �� x� ��

OwW�t xO�t�v xDU� l� QDt ���i QO xawtHt l� �OwW�t xO�t�v 
�yvD� xrwR�� �x�kv
�OW�� V��OL "�kv �xty �w�L x�oQy

A � f�� �
� �

�
� � � � � g � u��Q��v� �A � f �

n
� n � Ng O�yO Q�Qk �hr�� ��yr�Ft �

�CU�v xDU� A u��Q��v� �CU�v xawtHt w�a xm CU� 
 �A �OL �x	kv �yvD �Q
�A � �
��� � R O�yO Q�Qk ���

A �OL "�kv R�v � w 
 u�� Q� xwqa �CU� A �OL �x	kv l� A R� x	kv Qy
�CU�v xDU� A u��Q��v� �OvDU�v A QO �yv� �t� OvDUy

�A � �
��	 � R O�yO Q�Qk �G�
�OL x	kv I�y ��Q�O A w CU� A ��OL �x	kv A R� x	kv Qy Cr�L u�� QO

�CU� xDU� �xawtHt l� A u��Q��v� �CU�v �Qo�O
�A � fx � �x�� x�� � R� � x�

� � x�
� � �g O�yO Q�Qk �O�

u�� QO �CU� ��O�t RmQt x� OL�w xQ��O pN�O "�kv �xty R� pmWDt A u��Q��v�
R�v OL�w xQ��O �wQ x	kv Qy u��Q� xwqa �CU� A �OL x	kv l� A R�x	kv Qy Cr�L

�CU� �OL x	kv l�

l� x O�vm ZQi �OW�� A � X w l� QDt ���i �X� d� O�vm ZQi �x��k �
�CU� A R� x	kv �y�vDt�v O�OaD �w�L x R� �o��Uty Qy x�ou� �OW�� A R� �OL �x	kv

xm CU� OwHwt u�vJ x R� S��x� �o��Uty s�vm ZQi �hrN u�yQ� x� �u�yQ

R� ���kv u� xn �� � � �x� �x� s�vm ZQi �OW���t A R� x	kv �y�vDt O�OaD �w�L

O�yO Q�Qk �OvQ�O Q�Qk S��x� QO w OvDUy x R� Cw�iDt xm OvW�� A

r � min d�x� xm� 
 m � ���� � � � � n�
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x u��Q��v� �CU�v x R� Q�e x� A R� x	kv I�y �w�L Sr�x� �o��Uty w r � 
 x�ou�
� �Ovm�t C��F �Q xH�Dv Zk�vD u�� w OW�� A �OL x	kv Ov�wD�tv

�CU�v �OL �kv I�y ��Q�O l� QDt ���i Qy QO �y�vDt �xawtHt l� �xH�Dv �

stDt Qo � �yvD w Qo � CU� xDU� �X� d� l� QDt ���i R� A �xawtHt Q� R �x��k 	
�OW�� R�� u�

s�vm ZQi �CU� R�� Ac xm s�yO�t u�Wv �OW�� xDU� A s�vm ZQi �u�yQ

CUQO�v u�� x�oQy �Sr�x� � Ac xm CU� OwHwt u�vJ r � 
 x�ou� �x � Ac

x	kv O��� x u��Q��v� w OW���t A R� ���kv �w�L Sr�x� �r � 
 Qy ��Q� x�ou� OW��
CU� ZQi u�� �� Zk�vDt u�� �x � A �Pr CU� xDU� A xm �Hv� R� �OW�� A �OL

�CU� R�� Ac �Pr w x � Ac xm
�Q� R �x � A p�L �OW�� A R� �OL �x	kv x w R�� Ac s�vm ZQi �TmaQ�
u��Q��v� �Ow� Oy�wN Ac R� �vwQO �x	kv x �CU� R�� Ac xm �Hv� R� x�ou� �x � Ac x�oQy
A R� ��x	kv I�y �w�L Sr�x� u��Q��v� �Sr�x� � Ac xm CU� OwHwt u�vJ r � 

�OL x	kv l� x ZQi x��v� xm �Hv� R� �OW�� A �OL �x	kv Ov�wD�tv x �Pr w CU�v
A �Pr w CU� V��OL "�kv xty �w�L A xm Ovm�t ��H�� u�� �CU� A R� x�wNrO

� �OW�� xDU� O���

�wo �OW�� r � 
 w x � X w l� QDt ���i l� �X� d� s�vm ZQi �h� QaD �
OwW�t h� QaD Q� R CQwY� x RmQt w r ��aW x� xDU�

Sr�x	 � fy � X � d�x� y� 
 rg�

�CU� xDU� ��xawtHt l� QDt ���i l� QO xDU� �wo Qy �x��k �
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s�y�wN u�Wv �OW�� r � 
 w x � X �l� QDt ���i �X� d� s�vm ZQi �u�yQ

ZQi �CU� �vwQO x	kv l� �Sr�x	�c R� x	kv Qy �#qO�at �� �CU� R�� �Sr�x	�c xm O�O

O�yO Q�Qk �d�x� y� � r �Pr w y �� Sr�x	 x�ou� �y � �Sr�x	�c s�vm

r� � d�x� y�	 r � 
�

s�vm ZQi �u�� uO�O u�Wv ��Q� �Sr��y� � �Sr�x	�c xm s�vm�t �aO� p�L
�FrFt �w�Ut�v x��v� p�L �d�y� z� � r� x�ou� �z � Sr��y�

d�x� y� 
 d�x� z� � d�z� y�

� r� � d�x� z��

u��Q��v�
d�x� z� � d�x� y�	 r� � r�

� �Ovm�t pt�m �Q C��F� u�� w z � �sr�x	�c xH�Dv QO �z �� Sr�x	 �Pr

x�ou� �OW�� l� QDt ���i �X� d� s�vm ZQi �x��k �
�Ov�xDU� ���yxawtHt X w 
 �hr��

�CU� xDU� �xDU� ��yxawtHt R� �y�vDt x��OQo l� ��tDH� ���
�CU� xDU� �xDU� ��yxawtHt R� x�wNrO x��OQo Qy l �QDW� �G�

�s�vm�t xO�iDU� �Q u�oQwtO u�v�wk w � x��k �C��F� ��Q� �u�yQ

���yxawtHt 
 � Xc w X � 
c �OvDUy �R�� ��yxawtHt 
 w X xm �Hv� R� �hr��

�Ow� Ovy�wN xDU�
x�ou� �OvW�� xDU� ��yxawtHt R� �y�vDt x��OQo An �� � � �A� �A� s�vm ZQi ���

�
ni��Ai�
c � �ni��A

c
i �
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ni��Ai TB �CU� R�� R�v u�Wm �QDW� �Pr w OW���t R�� Ac
i CU� xDU� Ai Qy xm �Hv� R�

�CU� xDU�
s� Q�O OW�� xDU� ��yxawtHt R� x�wNrO ��xO�wv�N fAi � i � Ig s�vm ZQi �G�

��i�IAi�
c � 
i�IAc

i �

R� �a�tDH� xm 
i�IAc
i �xawtHt �OW���t R�� Ac

i �CU� xDU� Ai Qy xm �Hv� R�
xDU� �i�IAi �Pr w CU� R�� ��i�IAi�c u��Q��v� �OW���t R�� �CU� R�� ��yxawtHt

� �Ovm�t pt�m �Q C��F� u�� �CU�
xDU� �xDU� ��yxawtHt R� x�wNrO x��OQo l� ��tDH� CU� umtt xm s�vm xHwD
An Qy x�ou� �n � N ��Q� An � � �

n
��	 w X � R s�vm ZQi �p�Ft ��Q� �OW��v

��t� CU� xDU�

�n��An � 
�n���

�
n
��	 � �
��	

�CU�v xDU� xm

�OW�� A � X w l� QDt ���i l� �X� d� s�vm ZQi �h� QaD 

�OW�� A R� �OL x	kv l� A R� x	kv Qy x�oQy OwW�t xO�t�v pt�m A �hr��

V��tv A� �� w OwW�t xO�t�v A jDWt �xawtHt A �OL "�kv �xty �xawtHt ���
�OvyO�t

R� x	kv Qy x�oQy �xmv�� �va� �X � A
A� x�oQy OwW�t xO�t�v p�oJ X QO A �G�
�A R� x	kv l� �� OW�� A R� �OL �x	kv l� �� X

V��tv A �� �Q u� w OwW�t xO�t�v A Q�DU� A �w�L xDU� �xawtHt u� QDmJwm �O�
�OvyO�t

�A� � f
g x�ou� �A � f �
n
� n � Ng x�oQy �hr�� ��yr�Ft ��

�A � �
��	 w A� � �
��	 x�ou� A � �
��� � R x�oQy ���
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u��Q��v� �A � �
��	 � A w A� � �
��	 � A x�ou� �A � �
��	 � R x�oQy �G�
�CU� pt�m A

x�ou� �A � fx � �x�� x�� � R� � x�
� � x�

� � �g O�yO Q�Qk �O�

A� � fx � �x�� x�� � R� � x�
� � x�

� 
 �g � A�

Qy Cr�L u�� QO �A � fx � �x�� x�� � R� � x�
� � x�

� 
 �g O�yO Q�Qk �y�
u��Q��v� �OQ�Ov �Qo�O �OL �x	kv I�y A w CU� A R� �OL x	kv l� A R� x	kv

�CU� pt�m A w A� � A � A

A � A
A� x�ou� �OW��A � X wl� QDt ���i �X� d� s�vm ZQi �x��k ��
�OW���t A �OL "�kv w A "�kv ��tDH� A Q�DU� �Qo�O CQ��a� �

�i�m u��Q��v� �A � A xm �Hv� R� �A 
 A� � A xm s�yO�t u�Wv �OD�� �u�yQ

�x � �A�c x�ou� �x �� A s�vm ZQi Qw�vt u�� ��Q� �A� � A xm s�yO u�Wv CU�
�vwQO x	kv l� x u��Q��v� �Ow� Oy�wN R�� ��xawtHt �A�c �CU� xDU� A xm �Hv� R�

xm CU� OwHwt u�vJ r � 
 �va� �OW���t �A�c R�

Sr�x� � �A�c � Ac�

Ov�wD�tv x u��Q��v� w OW��v A R� ��x	kv I�y �w�L Sr�x� xm Ovm�t ��H�� u�� �Pr
�A 
A� � A �Pr w A� � ATB �x �� A� xH�Dv QO �OW�� A �OL x	kv

�Pr w x � A 
 A� x�ou� OW�� x � A x�oQy �x � A s�vm ZQi  TmaQ�
l� x xmv�� �va� �x � A� xm s�yO�t u�Wv x�ou� �x �� A x�oQy �A � A 
 A�

u�vJ r � 
 x�ou� �OW��v xvwov�� xm s�vm ZQi �hrN u�yQ� x� �CU� A �OL x	kv
�Pr w CU�v A R� x	kv I�y �w�L Sr�x� xm CU� OwHwt

Sr�x� � Ac�

http://math75.ir


���� Q R�r�v� 
�

u��Q��v�
�Sr�x��

c � �Ac�c � A�

�Pr � �Sr�x��c � �Ac�c w OW���t xDU� �Sr�x��c �CU� R�� Sr�x� xm �Hv� R�

�Sr�x��
c � A�

�Pr w x � A� TB �CU� umtt Q�e u�� �rw �x � �Sr�x��c u��Q��v� w x � A ��t�

A � A 
A��

� �Ovm�t pt�m �Q u�yQ� u�� w A � A 
 A� xH�Dv QO

Ov�wD�t xawtHt l� uOw� p�oJ h� QaD xm OwW�t xH�Dv q�� �x��k R� �xQY�D ��
A x�ou� �OW�� X l� QDt ���i R� xawtHt Q� R l� A x�oQy �OwW u��� Q� R VwQ x�

�A � X x�oQy OwW�t xO�t�v p�oJ X QO

�oOQWi ��

�xO�wv�N �OW�� E � X w l� QDt ���i �X� d� s�vm ZQi �h� QaD �
x�oQy OwW�t xO�t�v E R�� VWwB l� X R�� ��yxawtHt Q� R R� G � fGi � i � Ig
�y�vDt VWwB l� G x�ou� �OW�� �y�vDt I T�Ov� �xawtHt x�oQy �E � 
i�IGi

R� VWwB Q� R �CU� VWwB u�vJty xm VWwB l� R� xO�wv�N Q� R l� �OwW�t xO�t�v
�OwW�t xO�t�v �rY� VWwB

x�ou� �OW�� n � ���� � � � � An � �n� n � �� s�vm ZQi �p�Ft �
xO�wv�N �CU� R �k�kL �N R� R�� VWwB l� G � fAn � n �Zg

fAn � GwRng

http://math75.ir



� l� QDt ��y��i ��

VWwB Q� R l� �Pr w CU� G R� ��xO�wv�N Q� R u�� �t� �CU� R ��Q� R�� VWwB l� R�v
�OW���t G R�

C�Uv E s��wo �OW�� E � Y � X w l� QDt ���i X s�vm ZQi �h� QaD �
w q � Y Qo � xm OW�� OwHwt u�vJ r � 
 �p � E Qy ��Q� x�oQy CU� R�� Y x�

�q � E x�ou� d�p� q� � r

w Qo � CU� R�� Y x� C�Uv Y R� E �xawtHt Q� R �Y � X s�vm ZQi �x��k �
�E � Y � G �X R� G uwJ �R�� �xawtHt Q� R ��R� x� Qo � �ki

u�vJ r � 
 �p � E Qy ��R�x� �OW�� R�� Y x� C�Uv E s�vm ZQi �u�yQ

�OW�� q � E xm Ovvm�t ��H�� q � Y w d�p� q� � rp ��y�QW xm CUy OwHwt

O�yO Q�Qk
Vp � fq � X � d�p� q� � rpg

O�vm h� QaD w
G � 
P�EVp�

xH�Dv QO �CU� R�� �Pr OW���t rp ��aW w p RmQt x� �o��Uty l� Vp CQwYv�� QO
�OW���t X R� �R�� �xawtHt Q� R G �pYi u�ty � VN� ��� � �x��k x��v�

�E � G � Y Kw�w� TB �p � Vp �p � E Qy ��Q� uwJ
�Pr w Vp � Y � E s� Q�O p � E Qy ��R�x� �Vp uDN�U VwQ x��v� �iQ� R�

�E � Y �G xH�Dv QO �G � Y � E

p � E Qy ��R�x� x�ou� E � Y � G w OW�� R�� X QO G x�oQy  TmaQ�
R�� Y x� C�Uv E �Pr w Vp � Y � E xH�Dv QO �OQ�O OwHw Vp � G �o��Uty

� �Ow� Oy�wN

http://math75.ir


���� Q R�r�v� 
�

VWwB Qy x�oQy Ovt�v xOQWi �Q �X� d� l� QDt ���i R� K �xawtHt Q� R �h� QaD 	
OW�� K R� �R�� VWwB fGigi�I x�oQy �va� �OW�� �y�vDt �WWwB Q� R �w�L K R��

xm OvW�� OwHwt u�vJ i�� i�� � � � � in � I ��yT�Ov� x�ou�

K � Gi� 
Gi� 
 � � � 
Gin �

Q�OQwNQ� �Q��U� C�ty� R� �
 pYi� �oDUw�B �� "��DQ� QO xS� w� �R�r�v� QO �oOQWi swyit
�CU�

��&�QJ� CU� xOQWi �y�vDt �xawtHt Qy Kw�w�
QO VvOw� R�� uwO� E CU� umtt �E � Y � X x�oQy xm s�O�O 
 �x��k QO
Q�Qk u� QO E xm ����i x� E uOw� R�� C�Y�N �xH�Dv QO �OW�� R�� Y x� C�Uv �X

�CU� jO�Y R�v uOw� xDU� OQwt QO �r	t u�ty �OQ�O �oDU� OQ�O
�OQ�O �QDy� Q�DiQ �oOQWi xm s�v���t Q� R QO

CU� xOQWi X x� C�Uv K �CQwYv�� QO �K � Y � X s�vm ZQi �x��k �
�OW�� xOQWi Y x� C�Uv K Qo � �ki w Qo �

C�Uv R�� VWwB l� fVigi�I w OW�� xOQWi X x� C�Uv K s�vm ZQi �u�yQ

�
 �x��k Q��v� �K � 
i�IVi w OvR�� Y x� C�Uv �yVi �va� OW�� K ��Q� Y x�
Vi � Y �Gi �i Qy ��Q� xm CU� OwHwt u�vJ OvR�� X x� C�Uv xm Gi ��yxawtHt
u�vJ in �� � � �i� �i� T�Ov� �y�vDt �O�OaD �Pr CU� xOQWi X x� �C�Uv K uwJ w

CU� OwHwt
K � Gi� 
Gi� 
 � � � 
Gin � ���

�Pr K � Y xm �Hv� R�

K � Vi� 
 Vi� 
 � � � 
 Vin ���

�CU� xOQWi Y x� C�Uv K �va�

http://math75.ir



	 l� QDt ��y��i ��

��yxawtHt Q� R R� ��x��OQo fGigi�I w xOQWiX x�C�UvK s�vm ZQi  TmaQ�
�i� �i� ��Q� CQwYv�� QO �Vi � Y �Gi O�yO Q�Qk �Ov�WwB�t �Q K xm OW�� X R��

� �Ovm�t pt�m �Q u�yQ� u�� w OyO�t xH�Dv �Q ��� �x	��Q ��� ���in �� � �

VWwB l� f�	n� n�gn�N �xO�wv�N �Q� R �CU�v xOQWi R �k�kL �N �p�Ft �
�CU�v �y�vDt VWwB Q� R I�y ��Q�O xm CU� R R��

�Ov�xDU� l� QDt ��y��i xOQWi ��yxawtHt Q� R �x��k �

C��F �OW�� X l� QDt ���i R� xOQWi �xawtHtQ� R l� K s�vm ZQi �u�yQ

�CU� X R� �R�� �xawtHt Q� R �Kc �K stDt s�vm�t

p�L �rq � �
�d�p� q� O�yO Q�Qk �OW�� q � K w p � Kc s�vm ZQi

�K � 
q�KSrq�q� CQwYv�� QO �O� Q�o� Q�v QO �Q Srq�q� w Srq�p� ��y�o��Uty
xm OvOwHwt u�vJ K QO qn �� � � �q� "�kv TB CU� xOQWi K uwJ

K � Srqr �q�� 
 � � � 
 Srqn �qn��

�V � Srq
�
�p� � � � � � Srqn �p� w W � Srq

�
�q�� 
 � � � 
 Srqn �qn� O�yO Q�Qk

u�vJ r � 
 �iQ� R� �Ovm�tv �	k �Q W xm CU� p pwL R�� �xawtHt l� V x�ou�
Sr�p� � Kc u��Q��v� �Sr�p� �W � 
 xH�Dv QO � Sr�p� � V xm CU� OwHwt

� �OW���t Kc �vwQO x	kv l� p �Pr w

�Ov�xOQWi �xOQWi ��yxawtHt �xDU� ��yxawtHtQ� R �x��k 


�F � K xm OW�� X R� ��xDU� �xawtHtQ� R F w xOQWi K � X s�vm ZQi �u�yQ

VWwB x� fVig x� �CU� R�� xm � F c j�Lr��� �OW�� F R�� VWwB l� fVig s�vm ZQi
� Ovv�t 
 R� �y�vDt ��x��OQoQ� R �CU� xOQWi K uwJ �s�����t CUO K R� 
 R��

http://math75.ir


���� Q R�r�v� �


u� hPL �� �OW�� � R� �w�aF c x�oQy �Ov�WwB�t �Q F xH�Dv QO w K xm CUy
� �CU� xOQWi F xH�Dv QO �Ov�t� F R�� VWwB l� Ov�wD�t � Rwvy

�CU� xOQWi K � F x�ou� �OW�� xOQWi K w xDU� F x�oQy �xH�Dv

uwJ �CU� xDU� K �F xH�Dv QO OW���t xDU� TB CU� xOQWi K uwJ �u�yQ

� �Ow� Oy�wN xOQWi K � F p�k x��k x��v� TB K � F � K

X l� QDt ���i xOQWi ��yxawtHt Q� R R� ��x��OQo fKigi�I x�oQy �x��k ��
Oy�wN �yD�v �i�IKi x�ou� �OW�� �yD�v u� �y�vDt x��OQo Q� R Qy l �QDW� xm �Qw	� OW��

�Ow�

u�vJ ��Ki CQwYv�� QO ��i�IKi � 
 xm s�vm ZQi hrN u�yQ� x� �u�yQ

s�t�v�t K� �Q OwHwt Ki �OW���tv Ki Qy x� jraDt u� R� ��x	kv I�y xm CU� OwHwt
OW���tv Ki Qy x� jraDt K� R� ��x	kv I�y uwJ �Gi � Kc

i s�yO�t Q�Qk w
�Pr CU� xOQWi K� xm �Hv� R� w OvR�U�t �Q K� R�� VWwB l� Gi ��yxawtHt �Pr

xm OvOwHwt u�vJ in �� � � �i� ��yT�Ov�

K� � Gi� 
 � � � 
Gin

xH�Dv QO

K� � Kc
i�

 � � � 
Kc

in
� �Ki� � � � � �Kin�

c

� �CU� Zk�vD l� u�� w K� �Ki� � � � � �Kin � 
 �Pr w

Q�v QO �Q Q� R p�Ft �Q� R �CU� �t�Rr� �yKi uOw� xOQWi �p�k x��k QO �xQY�D ��
�O� Q�o�

http://math75.ir


�� l� QDt ��y��i ��

���n���
� �
n
� � 
 x�ou� �n � N w Kn � �
� �

n
� x�oQy �hr��

���n���n���� � 
 x�ou� �n � N w Kn � �n���� x�oQy ���

w xOQWi ��yxawtHt R� ��xr��vO fKngn�N x�oQy �QwDv�m �m �QDW� �x��k� xH�Dv
��n��Kn �� 
 x�ou� ��n � ������ � � � � Kn � Kn�� xm OW�� �yD�v

x�ou� �OW�� K �xOQWi �xawtHt R� �y�vDt�v �xawtHt Q� R l� E x�oQy �x��k ��
�OQ�O K QO �OL x	kv l� E

CQwYv�� QO �OW��v E �OL �x	kv K R� x	kv I�y s�vm ZQi hrN u�yQ� x� �u�yQ

xm CU� OwHwt u�vJ rq C�Ft OOa �q � K Qy ��Q�

Srq�q� � �Enfqg� � 
�

R�� VWwB l� x��OQo u�� CQwYv�� QO �O� Q�o� Q�v QO �Q
n
Srq�q�

o
q�K �x��OQo p�L

u�vJ K QO qn �� � � �q� �q� "�kv �Pr CU� xOQWi K xm �Hv� R� �Ow� Oy�wN K ��Q�
xm OvOwHwt

K � Srq
�
�q�� 
 � � � 
 Srqn �qn�

� �OW���t Zk�vD u�� w CU� �y�vDt �xawtHt l� QFm �OL E TB E � K uwJ w

Q�v QO �Q Q� R p�Ft �Q� R �CU� �t�Rr� Q�N� �x��k QO K uOw� xOQWi �xQY�D ��
�O� Q�o�

�
 �� K �rw 
 � E� x�ou� E � f �
n
� n � Ng w K � �
��� x�oQy

u�� �CU� xOQWi R �k�kL �N �wQ Q�Ov�Qm w xDU� �xR�� Qy xm s�yO�t u�Wv uwvm �
C��F ��rm Cr�L QO �x��k u�� �CU� pQw��xv��y QwyWt �x��k R� �Y�N Cr�L
u�� w OW�� Q�Ov�Qm w xDU� Qo � �yvD w Qo � CU� xOQWi Rn R� xawtHt Q� R l� xm Ovm�t
x��k R�v s�vm�t C��F uwvm � xm �Y�N Cr�L �CU� �O�� R Q��U� ��yOQ� Q�m ��Q�O

http://math75.ir


���� Q R�r�v� ��

xDWwv ���� Q R�r�v� pwY� ��Dm x� �rm Cr�L uO�O ��Q�$ OwW�t xO�t�v pQw��xv��y
%�OwW xaH�Qt u�OwQ QDr�w

�CU� xOQWi �a� b	 � R �xDU� �xR�� Qy �pQw
�xv��y x��k ��

s�vm ZQi �OW�� �a� b	 R� R�� VWwB l� G � fGi � i � Ig s�vm ZQi �u�yQ

�a� c	 xm OvDUy jO�Y "QW u�� QO xm OW�� c � �a� b	 "�kv xty �xawtHt V��tv C
xm s�vm�t xOy�Wt �OwW�t xO�WwB G R�� ��yxawtHt R� �y�vDt �x��OQo Q� R �xr�Uw�
R�v �a� z	 x�ou� z � �a� c	 w c � C x�oQy �u��Q� xwqa �C �� 
 �Pr w a � C

w �z � C u��Q��v� �OwW�t xO�WwB G R�� ��yxawtHt R� �y�vDt x��OQoQ� R l� �UwD
�OW���t �a� x	 pmW x� xR�� l� C �xawtHt xH�Dv QO ��a� c	 � C �xR�� s�tD �Pr
�x � b Kw�w� x�ou� �x �� b xm s�vm ZQi �hrN u�yQ� x� �x � b xm s�vm�t �aO�
OwHwt �x	 �� x� �� � Gi �xR�� l� �CU� R�� Gi w x � Gi ���i ��Q� xm �Hv� R�
xO�O VWwB G R�� ��yxawtHt R� �y�vDt O�OaD �xr�Uw� �a� x	 xm Ck�kL u�� �CU�
G QO R�� ��yxawtHt R� �y�vDt O�OaD �UwD R�v �a� x� �

� 	 xm Ovm�t ��H�� OwW�t
� �Ovm�t pt�m �Q u�yQ� u�� w CW�O s�y�wN Zk�vD l� u��Q��v� �OwW xO�WwB

�x	kv ��Q�O R R� Q�Ov�Qm �y�vDt�v �xawtHt Q� R Qy �T�QDW�Q��w�wv�RDrw
 �x��k �	
�CU� �OL

�xDU� �xR�� x�ou� �OW�� R R� Q�Ov�Qm �y�vDt�v �xawtHt Q� R l� K s�vm ZQi �u�yQ

�a� b	 pQw��xv��y x��k x��v� �K � �a� b	 xm CU� OwHwt u�vJ R R� �a� b	 Q�Ov�Qm
�CU� �a� b	 �xOQWi �xawtHt R� �y�vDt�v �xawtHt Q� R l� K u��Q��v� �CU� xOQWi

� �Ovm�t pt�m �Q u�yQ� u�� w CU� �OL �x	kv ��Q�O A ��� x��k x��v� �Pr

http://math75.ir


�� l� QDt ��y��i ��

pt�m ��yxawtHt �


P CQwYv�� QO �OW�� R QO �yD�v pt�m �xawtHt l� P s�vm ZQi �x��k �
�CU� Q�PB�v VQ�tW

Q�PBVQ�tW P s�vm ZQi �OW�� �y�vDt�v O��� TB OQ�O �OL �x	kv P uwJ �u�yQ

Q� R CQwY� �Q �y�o��Uty R� fVng �xr��vO �P � fx�� x�� x�� � � � g �va� OW��

�s� R�U�t
���y y � R s�tD R� V� x�oQy �OW�� x� ��y�o��Uty R� �m� V� s�vm ZQi
xm CU� R R� ���y y s�tD �xawtHt V� R� V� CU� �jy 	 x�j � r xm OW�� pmWDt

�jy 	 x�j 
 r

uwJ �OW���tv �yD Vn � P xm �Qw	� OW�� xOW xDN�U Vn s�vm�t ZQi
xm OQ�O OwHw Vn�� uwJ �o��Uty CU� P �OL �x	kv l� P �x	kv Qy

�V n�� � Vn �hr��
�xn �� V n�� ���

�Vn�� � P �� 
 �G�
�O��� xt�O� Ov�wD�t uDN�U u�� w Ovm�t jOY �t ��QkDU� ZQi QO Vn�� �G� Q��v�

�Pr CU� Q�Ov�Qm w xDU� �xR�� l� V n uwJ �Kn � V n � P s�yO�t Q�Qk
�OQ�Ov Q�Qk ��n��Kn QO P �x	kv I�y �xn �� Kn�� xm �Hv� R� w �OW���t xOQWi
Kn Qy ��G� x��v� �t� �OW�� �yD ��n��Kn xm Ovm�t ��H�� �Kn � P Q��N� �u��
�CU� Zk�vD QO QwDv�m �m �QDW� �x��k �� u�� w Kn � Kn�� �hr�� j�� w CU� �yD�v

�

O�Oa� s�tD �xawtHt �xS� w� �CU� Q�PB�vVQ�tW �a � b� �a� b	 �xR�� Qy �xH�Dv
�CU� �Q�tW�v �k�kL

http://math75.ir


���� Q R�r�v� �


QwDv�m �xawtHt ��

R QO �rt�m ��yxawtHt xm OyO�t u�Wv CN�U s�y�wN lv�� sy xm ��xawtHt
�OvW���tv �R�� �xR�� I�y pt�W xm OvDUy

s�yO�t Q�Qk w xDW�OQ� �Q ��� � �
�� R�� �xR�� u� R� �OW�� �
��	 �xR�� E� s�vm ZQi

E� � �
� �
� 	 
 �

�
� ��	�

s�yO�t Q�Qk w xDW�OQ� �Q �yxR�� u�� �v��t ��yswU l�

E� � �
� �
	 	 
 �

�
	 �

�
	 	 
 �

�
	 �

�
	 	 
 �

�
	 ��	


 �
�

�
�

�
�

�
�

�
�

	
� �

��� pmW

xm �Qw	� CW�O s�y�wN En xOQWi ��yxawtHt R� ��xr��vO �Q�m u�� �xt�O� ��
�E� � E� � E� � � � � �hr��

�OW���t �
�n pw� x� s�Om Qy xm CU� xR�� �n ��tDH� En ���

�xawtHt
C � ��n��En

OyO�t u�Wv QwDv�m �m �QDW� x��k w CU� xOQWi C Kw�w� �OQ�O s�v QwDv�m �xawtHt
�CU� �yD�v C xm

pmW x� �R�� �xR�� I�y

�
�k � �

�m �
�k � �

�m �

http://math75.ir


�� l� QDt ��y��i ��

R�� �xR�� Qy uwJ �OQ�Ov lQDWt x	kv C �� �OvW�� �D�Ft K�LY O�Oa� m�k u� QO xm
Qo � �OW���t jwi pmW x� �R�� �xR�� �w�L ��� ��

��m �
� 	 �

�

�CW�O Oy�wNv Q� QO �Q �R�� �xR�� I�y C

�CU�v �yvD �x	kv pt�W C xm s�yO u�Wv CU� �i�m C uOw� pt�m C��F� ��Q�
xR�� u� In �u�vJty �OW�� x pt�W �y�wNrO R�� �xR�� S w x � C s�vm ZQi
s�vm ZQi �In � S xm s� Q�o�t nQR� QOkv� �Q n �OQ�O Q� QO �Q x xm OW�� En R�

�xn �� x xm �Qw	� OW�� In ���yDv� �x	kv l� xn
C �OL x	kv l� x ��Pr �xn � C xm OwW�t swrat C uOW xDN�U �xwLv R�

�Ow� Oy�wN pt�m C w CU�
�xawtHt l� R� ��xvwtv xm CU� u�� QwDv�m �xawtHt X�wN u� QD�r�H R� �m�

�OyO�t �t x� �Q �OwW�t KQ	t � pYi QO xR�Ov� swyit� QiY �xR�Ov� �� �Q�tW�v

�Ov�ty ��

Ov	ty�v E �OW�� E � X w l� QDt ���i �X� d� s�vm ZQi �h� QaD �
xm OW�� OwHwt u�vJ B w A sy R� �OH w �yD�v �R�� �xawtHt wO x�oQy OwW�t xO�t�v
Ov	ty �Q E �xawtHt �Ovt�v�t E ��Q� �R�U�OH l� �Q B w A �E � A 
 B

�OW��v Ov�ty�v x�oQy Ovt�v

E � A 
 B CQwY� �Q E u�wD�tv x�ou� OW�� Ov�ty E x�oQy �hr�� �xQY�D �
Ov�ty E x�oQy �Qo�O CQ��a� �OvW�� �yD�v w R�� �sy R� �OH B w A u� QO xm O�O u�Wv
O��� B �� w A �� x�ou� OvW�� R�� w sy R� �OH B w A xm �E � A 
B xm u�vJ OW��

�OvW�� �yD

http://math75.ir


���� Q R�r�v� ��

w Ac � B x�ou� �OW�� X R� �R�U�OH l� X � A 
 B O�vm ZQi ���
�Qo�O CQ��a� �OvW���t R�v xDU� B w A �OvDUy R�� B w A xm �Hv� R� �Bc � A

�yD�v sy R� �OH �xawtHt wO ��tDH� CQwY� �Q u� u�wD�t x�ou� OW�� Ov�ty�v X x�oQy
�xDU� �� w OvDUy R�� �� xawtHt wO Qy xm O�O u�Wv

�OW�� Ov�ty X x�oQyw Ov��yD�v w sy R� �OHB w A xm X � A
B x�oQy �G�
�CU� xDU� �Qo�O w R�� B w A R� �m� x�ou�

O�vm ZQi �CU� Ov�ty�v X x�ou� �X � �
��� 
 ����� O�yO Q�Qk �p�Ft �
CW�O s�y�wN �� � a � �

�
��� � �	�� a� �X
����� � �a���� �X�

w OvR�� ����� w �
��� ��
��� � ����� � 
 w ����� �� 
 ��
��� �� 
 p�L
u��Q��v� �OvW���t R�v xDU� OvR�� ��yxawtHt stDt uwJ

X � ��	�� a��X	 
 ��a���� �X	

�CU� X R� �Ov�ty�v l�
w Qo � CU� Ov�ty R �k�kL �N R� xawtHt Q� R l� xm s�yO�t u�Wv uwvm �

�OW�� xR�� l� Qo � �ki

�OW�� xR�� l� Qo � �ki w Qo � CU� Ov�ty R R� xawtHt Q� R l� �x��k �

x� �CU� xR�� l� X xm s�yO�t u�Wv �OW�� Ov�ty X � R s�vm ZQi �u�yQ

xm CU� OwHwt u�vJ x� y� z � R x�ou� �OW��v xvwov�� xm s�vm ZQi �hrN u�yQ�

CQwYv�� QO �y �� X �t� OvDUy X QO z w x w x � y � z

X � ��	�� y��X	 
 ��y���� �X	

http://math75.ir


�� l� QDt ��y��i ��

�OW���t Ov�ty X xm CU� Ck�kL u�� �� Zk�vDt u�� �CU� X R� �Ov�ty�v l�
ZQi �CU�v xR�� l� xm s�yO�t u�Wv �OW�� Ov�ty�v X s�vm ZQi  TmaQ�
�OvW���t sy R� �OH w �yD�v B w A �OW�� X R� �Ov�ty�v l� X � A 
B s�vm
uDU�m uwO� �x �� z xm OQm ��NDv� u�vJ �Q z � B w x � A "�kv u�wD�t u��Q��v�
x�ou� �OW�� xR�� l� X xm s�vm ZQi �x � z xm OQm ZQi u�wD�t �C�rm R�

�B QO �� CU� A QO �� �x� z	 R� x	kv Qy w �x� z	 � X

O�yO Q�Qk
y � sup��x� z	� A��

�y � z u��Q��v� w y � A �CU� xDU� A xm �Hv� R� �y � X �Pr w x 
 y 
 z Kw�w�
B QO y� � �y � � 
 z QO jO�Y � � 
 Qy ��Q� xm Ovm�t ��H�� y h� QaD xQ�� wO
�� Zk�vDt u�� w y � A�B u��Q��v� �y � B �CU� xDU� B xm �Hv� R� p�L �OW��

� �Ovm�t C��F �Q xH�Dv Zk�vD u�� �A �B � 
 xm CU� Ck�kL u��

�CU� Ov�ty R �xH�Dv

C�v� QtD

�O�vm h� QaD x� y � R ��Q� ��

d��x� y� � �x	 y��

d��x� y� �
q
jx	 yj

d��x� y� � jx� 	 y�j
d��x� y� � jx	 �yj

d
�x� y� �
jx	 yj

� � jx	 yj �

http://math75.ir


���� Q R�r�v� ��

�OW���t R �wQ QDt l� �yv�� R� l�t�Om xm O�vm u�at
O�vm h� QaD �OW�� l� QDt ���i l� �X� d� s�vm ZQi ��

d��x� y� �
d�x� y�

� � d�x� y�
�x� y � X�

�CU� X �wQ QDt l� R�v d� xm O�yO u�Wv
O�vm h� QaD �
 � � � � xm � � R w x� y � R ��Q� w X � R O�yO Q�Qk ��

d�x� y� � jx	 yj��

�CU� l� QDt ���i l� �R� d� xm O�yO u�Wv
O�vm h� QaD �OW�� l� QDt ���i �X� d� s�vm ZQi �


d��x� y� � min�d�x� y�����

�CU� l� QDt ���i l� R�v �X� d�� xm O�yO u�Wv
xm O�yO u�Wv x�ou� �OW�� x� y� z � X w l� QDt ���i l� �X� d� x�oQy ��

jd�x� z�	 d�y� z�j 
 d�x� y��

xm O�yO u�Wv x�ou� OW�� x� y� x�� y� � X w l� QDt ���i �X� d� x�oQy ��

jd�x� y�	 d�x�� y��j 
 d�x� x�� � d�y� y���

O�vm u��aD OQwt Qy QO w O���tv XNWt �Q R QO Q� R ��yxawtHt �OL "�kv �xty ��
��l� I�y ��� xDU� �� CU� R�� xawtHt xm

�Z�hr��
��a� b	 ���

�Q �G�
�f �

�n � �

m � n�m � Ng �O�

http://math75.ir


�	 l� QDt ��y��i ��

�f�	��n � �
m
� n�m � Ng �y�

�f �
n
� �

m
� n�m � Ng �w�

�f ����n

�� �

n

� n � Ng �R�
�w�L sy CU�� wo ���yOOa �w�L sy R QO A �yD�v R�� �xawtHt Qy xm O�vm C��F ��

�nvo ���yOOa
�xawtHt ��y��Dm R� ��a� QO� OW�� E �vwQO "�kv s�tD �xawtHt intE O�vm ZQi �	

��OvyO�t V��tv Eo �� �Q �vwQO "�kv
�CU� R�� xW�ty intE O�vm C��F �hr��

�intE � E Qo � �ki w Qo � CU� R�� E O�vm C��F ���
�G � intE O�vm C��F �OW�� R�� G w G � E x�oQy �G�

��intE�c � �Ec� O�vm C��F �O�
&CU� �m� xW�ty intE w intE ��� �y�

&CU� �m� xQ�wty intE w E ��� �w�
xm O�yO u�Wv x�ou� OvW�� A�B � X w l� QDt ���i l� �X� d� x�oQy ��


�int�A �B� � intA � intB �hr��
int�A 
 B� � intA 
 intB ���

�OW��v Q�QkQ� CU� umtt �w�UD OyO u�Wv xm O� Qw��� �r�Ft ���� CtUk ��Q�
�xawtHt CU� A w �A �OL "�kv �xty �xawtHt� jDWt �xawtHtA� s�vm ZQi ���

�O�vm C��F �OW�� �X� d� l� QDt ���i QO A
��A��� � A� �va�  CU� xDU� X QO A� �hr��

�A� � B� x�ou� �A � B x�oQy ���
�A �B�� � A� �B� w �A 
B�� � A� 
B� �G�

��A�� � A� �O�
�CU� xDU� A�y�

�va�  OvW���t A �w�L xm CU� X �xDU� ��yxawtHt Q� R �xty l �QDW� �w�Ut A �w�

http://math75.ir


���� Q R�r�v� �


�OW���t A �w�L xm CU� ��xDU� �xawtHt u� QDmJwm R� CQ��a A

C��F �OvW�� �X� d� l� QDt ���i R� ���yxawtHt Q� R B w A s�vm ZQi ���
xm O�vm

A �B � A �B�

�O� Qw� CUO� R R� ��xawtHt Q� R u�wva x� �Q Q� R ��yxawtHt R� l� Qy Q�DU� ���
A � �
��� 
 ����� 
 ����� �hr��

�B � �
��� 
 ����	���
�C �� �
��� 
 ����� �G�

OQ�Ov�DU� QDt �� R� R� ��xawtHt Q� R u�wva x� �Q Q� R ��yxawtHt R� l� Qy uwQO ��

�O�vm �O�B

A � f�x�� x�� � R� � x�
� � x�

� 
 �g �hr��
B � f�x�� x�� � R� � x�

� � x�
� � �g ���

C � f�x�� x�� � R� � x�
� � x�

� � �g �G�
D � f�x�� x�� � R� � x� � 
g �O�

x�ou� �OvW�� l� QDt ���i l� R� ���yxawtHt Q� R An �� � � �A� �A� x�oQy ���
�xm O�yO u�Wv

�
ni��Ai� � 
ni��Ai �hr��
��ni��Ai� � �ni��Ai ���

�CU�v Q�QkQ� xW�ty ��� CtUk QO �w�UD xm O�yO u�Wv p�Ft l� ��
�X l� QDt ���i �xOQWi ��yxawtHt Q� R R� x�wNrO �xDUO Qy l �QDW� O�vm C��F ���

�CU� xOQWi ��xawtHt
�CU� xOQWi X �xOQWi ��yxawtHt Q� R R� �y�vDt O�OaD ��tDH� O�vm C��F ���

�Q X QO x �x	kv �OW�� �X� d� l� QDt ���i R� ��xawtHtQ� R A s�vm ZQi ���

http://math75.ir


�� l� QDt ��y��i ��

l� w S R� x	kv l� �w�L sm CUO Sr�x� �wo Qy x�oQy s�t�v A �RQt �x�kv l�
V��tv 
A �� w xO�t�v A RQt �Q A �RQt "�kv �xty �xawtHt �OW�� X 	 S R� x	kv

�OvyO�t
�O����� OQ�Ov�DU� QDt �� �Q R� R� Q� R ��yxawtHt �RQt "�kv �hr��

A � f�x�� x�j � R� � x�
� � x�

� 
 �g
B � f�x�� x�� � R� � x�

� � x�
� � �g

C � f�x�� x�� � R� � x�
� � x�

� � �g�

�CU� xDU� 
A xm O� Q�o� xH�Dv w 
A � A �X 	A O�vm C��F ���
�
A � 
�X 	A� O�vm C��F �G�

�
�A 
 B� � 
A 
 
B x�ou� �A �B � 
 x�oQy �y�

http://math75.ir


�

http://math75.ir


�
�y�QU w �yxr��vO

l� QDt ���i QO �yxr��vO ��

�DW�ov X QO xr�	vO l� �OW�� l� QDt ���i l� �X� d� s�vm ZQi �h� QaD �
l� w CU� R x� N R� �DW�ov �k�kL �xr�	vO l� u��Q��v� �X x� N R� x Ovv�t CU�
Q�m� n � N QO x Q�Okt V��tv ��Q� �Q xn �CU� C x� N R� �DW�ov �rDNt �xr�	vO
V��tv x � fxng �� fx�� x�� � � � � xn� � � � g �� fxng �xr�Uw� x �xr��vO �s� Q��t
xr��vO l� OQ� �OwW�t xO�t�v xr��vO OQ
� fxn � n � Ng �xawtHt �OwW�t xO�O
��� CW�ov OQ�Ov �twRr xr��vO l� xm �Hv� R� �OW�� �y�vDt ��xawtHt CU� umtt

�OQ�ov� �y�vDt �xawtHt l� �wD x� �Q N CU� umtt �Pr �OW��
�O� Q�o� Q�v QO �Q �k�kL ��yxr��vO �ki Q� R ��yr�Ft QO

x�ou� �xn � �	��n O�yO Q�Qk �hr�� ��yr�Ft �

x � fxng � f	����	���� � � � g

�x � f	���g R� CUDQ��a x OQ� u��Q��v�

��

http://math75.ir


���� Q R�r�v� �


�CUy x � f�g OQ'� x�ou� x � f������ � � � g x�oQy ���
�CU� �y�vDt�v ��xawtHt xn � �

n
xm x � fxng OQ� �G�

�CU� �y�vDt�v R�v x OQ'� x�ou� �x � fxng � f ����n

n
g x�oQy �O�

�CU� f
��g �xawtHt f������n

� g OQ'� �y�
�CU� f
g �xawtHt fsinn�g OQ'� �w�

�CU� N �xawtHt fng � f���� � � � g OQ'� �R�
Q�mx� f
�
� � � � g �xr��vO V��tv ��Q� �Q 
 w f���� � � � g �xr��vO V��tv ��Q� �Q e

�s� Q��t

�OW�� Q�Ov�Qm ��xawtHt u� OQ'� x�oQy OwW�t xO�t�v Q�Ov�Qm xr��vO l� �h� QaD �
OwHwt u�vJ K � 
 C��F x�oQy OwW�t xO�t�v Q�Ov�Qm �X� d� QO x �xr��vO �QDj�kO Qw	�

xm OW��
d�xn�
� 
 K � �n � N�

Ow� Oy�wN Q� R CQwY� jwi "QW x�ou� X � R x�oQy

jxnj 
 K �n � N�

xm OwW�t xH�Dv RC�t�tD R� x�ou� �OW�� Q�Ov�Qm fxng �k�kL �xr��vO x�oQy

fjxnj � n � Ng

�s�U� wv�t sup jxnj CQwY� �Q u� w CU� st� QB wU �� lub ��Q�O

�OvDUy Q�Ov�Qm �w� w �y� ��O� ��G� ���� ��hr�� �� p�Ft ��yxr��vO �hr�� ��yr�Ft �
�CU�v Q�Ov�Qm f�	��nng �xr��vO x��Wt Qw	� �CU�v Q�Ov�Qm fng �xr��vO ���

http://math75.ir


�� �y�QU w �yxr��vO �	

OwW�t xO�t�v s � X x� �Qoty �X� d� l� QDt ���i QO fxng �xr��vO �h� QaD 	
xm OW�� OwHwt u�vJ n� � N �� � 
 Qy ��Q� x�oQy

d�xn� s� � � �n � n�

pN�O QO xr��vO R� xrtH �y�vDt O�OaD RH� xty � � 
 Qy ��Q� x�oQy �Qo�O CQ��a�
s � R �x	kv x� fxng �k�kL �xr��vO �xS� w� �OQ�o� Q�Qk � ��aW w s RmQt x� R�� �wo
Qy ��Q� xm OW�� OwHwt u�vJ n� C�Ft K�LY OOa �� � 
 Qy ��Q� x�oQy CU�Qoty

�n � n�

jxn 	 sj � �

�s	 � � xn � s� � �� w �	� � xn 	 s � � �va�
xr��vO CqtH R� �y�vDt O�OaD RH x� xty �� � 
 Qy ��Q� �xm CU� �vat u�O� u��
�OwW�t xO�t�v �Qo �w OW��v �Qoty xm ��xr��vO �OQ�o Q�Qk �s 	 �� s � �� R�� �xR�� QO

s�U� wv�t OW�� �Qoty s x� fxng �xr��vO x�oQy

lim
n�� xn � s �� xn 	� s �Dkw n���

xDU��w R�v l� QDt ���i x� xmr� CU�v �mDt xr��vO OwN x� �ki xr��vO l� ���Qoty
�CU� K��w Q� R p�Ft R� u�� w CU�

�� R �Q X l� QDt ���i x�oQy CU�Qoty 
 x� x � f �
n
g �xr��vO �hr�� ��yp�Ft �

X � �
��	 x�oQy �t� �CU�Qoty OW�� �
��	 �w�L R R� ��xawtHt Q� R Qy �� �
��	
�CU�v�Qoty xr��vO

�CU�Qoty 
 x� f
g �CU�Qoty � x� e �xr��vO ���
�OvDU�v �Qoty f������n

� g w f�	��ng ��yxr��vO �G�
�OvDU�v �Qoty f�	��nng �fn�g �fng ��yxr��vO �O�

�CU�Dm� OL ��Q�O l� QDt ���i l� QO �Qoty �xr��vO Qy �x��k �

http://math75.ir


���� Q R�r�v� ��

s � X x� xm OW�� X QO ��xr��vO fxng w l� QDt ���i �X� d� s�vm ZQi �u�yQ

s�vm ZQi �OW�� �Qoty t � X x� fxng �u�mt� CQwY QO �s�vm ZQi �CU�Qoty

xm OvOwHwt u�vJ n� w n� x�ou� �OW�� xOW xO�O � � 


d�xn� s� �
�

� �n � n�

d�xn� t� �
�

� �n � n��

�n � n� ��Q� x�ou� �n� � max�n�� n�� O�yO Q�Qk

d�s� t� 
 d�xn� s� � d�xn� t�

�
�

� �
�

� � ��

u�yQ� u�� w s � t u��Q��v� �d�s� t� � 
 s�W�� xDW�O O��� �CU� x�wNrO � xm �Hv� R�
� �Ovm�t pt�m �Q

CUQO u� Tma �t� �CU� Q�Ov�Qm l� QDt ���i QO �Qoty �xr��vO Qy �x��k �
�CU�v

s � X x� xm OW�� X QO ��xr��vO fxng w l� QDt ���i �X� d� s�vm ZQi �u�yQ

O�O s�y�wN u�Wv Qo�O CQ��a� �CU� Q�Ov�Qm fxng xm O�O s�y�wN u�Wv �CU� �Qoty

xm CU� OwHwt u�vJ K � 
 C��F xm

d�xn� s� 
 K �n � N�

n� � N �CU�Qoty s � X x� fxng xm �Hv� R� �OW�� xOW xO�O � � 
 s�vm ZQi
xm CU� OwHwt u�vJ

d�xn� s� � � �n � n��

http://math75.ir


�� �y�QU w �yxr��vO �	

�n � n� ��Q� u��Q��v�

d�xn�
� 
 d�xn� s� � d�s�
� � �� d�s�
��

O�yO Q�Qk

M � maxfd�x��
�� d�x��
�� � � � � d�xn����
�g

w
K � maxfM��� d�s�
�g�

xm Ovm�t ��H�� u�� x�ou�

d�xn�
� 
 K �n � N�

Q�Ov�Qm f������n

� g w f�	��ng ��yxr��vO CU�v CUQO u�� Tma xmv�� uO�O ��Q�
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� �Ow�
#�twRr l� QDt ���i Qy QO �Wm �xr��vO Qy xm OwW�t xH�Dv q�� ��yp�Ft R� p�L
OvQ�O �Y�N s�v CU� Q�QkQ� �yv� QO C�Y�N u�� xm �m� QDt ��y��i �CU�v�Qoty
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s�vm�t h� QaD Q� R CQwY� �Q xy w �x �x� y O�OH ��yxr��vO x�ou� �OW�� � � R
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 x�ou� �lim
x�a

f�x� �� b xm s�vm ZQi  TmaQ�
OQ�O OwHw Q� R C�Y�N �� �� x� xDU��w� x � E x	kv �� � 
 Qy ��Q�

d��x� a� � �� ��t� d��f�x�� b� � ��

�n � N Qy ��Q� xm s�vm �O�B u�vJ E QO �Q fang �xr��vO s�v�wD�t � � �
n
uDiQo �� p�L

�Ovm�t pt�m �Q x��k u�yQ� u�� � lim
n�� f�an� �� b ��t� lim

n�� an � a w an �� a

�

R� A �xawtHt Q� R �wQ �xOW h� QaD �k�kL ���D wO Qy g w f s�vm ZQi �h� QaD �
�wQ �Q f

g
w fg ��f �f 	 g �f � g O�OH ���wD x�ou� �� � R s�vm ZQi w OvW�� R
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s�vm�t h� QaD Q� R CQwY� A

�f � g��x� � f�x� � g�x��

�f 	 g��x� � f�x� 	 g�x��

��f��x� � �f�x��

�fg��x� � f�x�g�x� w

�
f

g
��x� �

f�x�

g�x�
�g�x� �� 
�x � A Qy ��Q� x�oQy��

w OvW�� A � R �wQ xOW h� QaD �k�kL ���D wO g w f s�vm ZQi �x��k 	
xm OW�� u�vJ c � A

lim
x�c

f�x� � � w lim
x�c

g�x� � m�

x�ou�
�lim
x�c

�f � g��x� � lim
x�c

f�x� � lim
x�c

g�x� � � �m �hr��
�lim
x�c

�f 	 g��x� � lim
x�c

f�x�	 lim
x�c

g�x� � � 	m ���
�lim
x�c

��f��x� � � lim
x�c

f�x� � ��� � � R �G�
lim
x�c

�fg��x� � lim
x�c

f�x� � lim
x�c

g�x� � �m �O�
�lim
x�c

g�x� � m �� 
 x�oQy �lim
x�c

�f
g
��x� �

lim
x�c

f�x�

lim
x�c

g�x� �
�

m
�y�

u� C��F� w OW���t � pYi 
 VN� � �x��k C��F� x��Wt x��k u�� C��F� �u�yQ

� �s�vm�t Q�Po �w xOvv�wN x� u� QtD u�wva x� �Q

�oDUw�B �	

X R� �DW�ov f w l� QDt ���i wO �Y� d�� w �X� d�� s�vm ZQi �h� QaD ��
��� � 
 �� � 
 Qy ��Q� x�oQy OwW�t xO�t�v xDUw�B a � X x	kv QO f �OW�� Y x�
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xm OW�� OwHwt u�vJ

�x � X d��x� a� � � �� d��f�x�� f�a�� � ��

�wo QO x �Dkw xm OW�� OwHwt u�vJ � � 
 �� � 
 Qy ��Q� xm CU� �vat u�O� u��
f�a� RmQt w � ��aW x� Y QO R�� �wo QO f�x� �OQ�O Q�Qk a RmQt w � ��aW x� X QO R��
�wo QO pwtWt f CLD a RmQt w � ��aW x� R�� �wo Q� wYD �#qO�at �� �OW�� xDW�O Q�Qk
x	kv Qy QO x�oQy OwW�t xO�t�v xDUw�B X �wQ f w  OW�� f�a� RmQt w � ��aW x� R��

�OW�� xDUw�B X R�
OwW�t xO�t�v xDUw�B a � R QO f � R� R x�ou� �X � Y � R x�oQy

�jx	 aj � � ��Q� xm OW�� xDW�O OwHw ��� � 
 �� � 
 Qy ��Q� x�oQy

jf�x�	 f�a�j � ��

OwHwt u�vJ � � 
 l� � � 
 Qy ��Q� x�oQy CU� xDUw�B a QO f �Qo�O CQ��a�
R�� �xR�� QO x xm �Dkw OQ�o Q�Qk �f�a� 	 �� f�a� � �� R�� xR�� QO f�x� xm OW��

�OQ�o�t Q�Qk �a	 �� a� ��

f�x� � f�a� xm CU� �vat u�O� �CU� xDUw�B a x	kv QO f xm s�vm xHwD
�va�  x� a �Dkw

lim
x�a

f�x� � f�a��

Q��N� �OwW s�UkD VN� wO x� Ov�wD�t �QwY Qw	� �k�kL ���wD ��Q� �oDUw�B h� QaD
xm OW�� OwHwt � � 
 �� � 
 Qy ��Q� x�oQy CU� xDUw�B a QO f xm O� Qw���

jx	 aj � � �� jf�x�	 f�a�j � �

�� f�a�	 � � f�x� � f�a� � ��

�Ovm�t ��H�� �Q Q� R ��yFL� u��
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��� � 
 �� � 
 Qy ��Q� x�oQy OwW�t xO�t�v u���B �xDUw�B s�v a �x	kv QO f
xm OW�� OwHwt u�vJ

jx	 aj � � �� f�x� � f�a�	 �


OwHwt ��� � 
 �� � 
 Qy ��Q� x�oQy OwW�t xO�t�v q�� �xDUw�B s�v a �x	kv QO f
xm u�vJ OW��

jx	 aj � � �� f�x� � f�a� � ��

OW��v xDUw�B x	kv u� QO x�oQy OwW�t xO�t�v xDUw�B�v V�xvt�O R� ��x	kv QO ���D l�
�OwW�t xO�t�v ���D ��Q� �oDUw�B�v �x�kv ���x	kv u�vJ l� w

x� X R� �DW�ov f w l� QDt ��y��i �Y� d�� w �X� d�� s�vm ZQi �x��k �
fang �xr��vO Qy ��Q� Qo � �ki w Qo � CU� xDUw�B a � X �x	kv QO f x�ou� �OW�� Y

�a x� �Qoty X QO
lim
n�� f�an� � f�a��

� � 
 x�ou� �OW�� xOW xO�O � � 
 w xDUw�B a � X QO f s�vm ZQi �u�yQ

xm CU� OwHwt u�vJ

d��x� a� � � �� d��f�x�� f�a�� � ��

OwHwt u�vJ n� � N x�ou� �CU�Qoty a x� xm OW�� X QO ��xr��vO fang s�vm ZQi
xm CU�

d��an� a� � � �n � n��

u��Q��v�
d��f�an�� f�a�� � � �n � n�
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� lim
n�� f�an� � f�a� OyO�t u�Wv xm

�Qoty fang �xr��vO s�yO�t u�Wv �OW��v xDUw�B a QO f s�vm ZQi  TmaQ�
xDUw�B a QO f xm �Hv� R� �CU�v �Qoty f�a� x� ff�an�g �xr��vO ��t� CU� OwHwt a x�

xm OQ�O OwHw �� x �� � 
 Qy ��Q� xm CU� OwHwt u�vJ � � 
 �CU�v

d��x� a� � � w d��f�x�� f�a�� � ��

xm s� Qw� CUO� ��fang �xr��vO s�v�wD�t �� � �
n

��NDv� ��

d��an� a� �
�
n

w d��f�an�� f�a�� � ��

u�� �CU�v�Qoty f�a� x� ff�an�g �xr��vO �CU�Qoty a x� fang xJ Qo � �u��Q��v�
� �Ovm�t pt�m �Q x��k u�yQ�

R R� A �xawtHt Q� R �wQ xOW h� QaD �k�kL ���wD g w f s�vm ZQi �x��k �
�f 	 g �f � g ���wD x�ou� �OvW�� xDUw�B a � A x	kv QO g w f s�vm ZQi w OvW��

�OvW���t xDUw�B a � A QO xty �g�a� �� 
 Qo � f�g w fg �� � R xm �f

� �xOvv�wN ��Q� u� QtD u�wva� �u�yQ


f � X � Y ���D �OvW��l� QDt ��y��i �Y� d�� w �X� d�� s�vm ZQi �x��k�
�OW�� R�� X QO f���V � �V � Y R�� �xawtHt Qy ��Q� Qo � �yvD w Qo � CU� xDUw�B

u�Wv �OW�� Y QO �R�� �xawtHt V w xDUw�B f � X � Y s�vm ZQi �u�yQ

�f�x� � V x�ou� �x � f���V � s�vm ZQi �CU� R�� X QO f���V � xm s�yO�t

xm CU� OwHwt u�vJ � � 
 �f�x� � V w CU� R�� V xm �Hv� R�

Sd�
� �f�x�� � V
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�OW���t � ��aW w f�x� RmQt x� �Y� d�� QO �R�� �wo V��tv Sd�
� �f�x�� xm

u�vJ � � 
 u��Q��v� CU� xDUw�B R�v x QO �Pr �CU� xDUw�B X �wQ f xm �Hv� R�
xm CU� OwHwt

f�Sd�
� �x�� � Sd�

� �f�x��

��H�� u�� ��Pr �OW���t � ��aW w x RmQt x� �X� d�� QO �R�� �wo V��tv Sd�
� �x� xm
xm Ovm�t

f�Sd�
� �x�� � V

xH�Dv QO w
Sd�
� �x� � f���V ��

�CU� R�� f���V � �Pr w CU� f���V � R� �vwQO �x	kv l� x xm OyO�t u�Wv u��
�OW�� R�� X QO f���V � �V � Y R�� �xawtHt Qy ��Q� xm s�vm ZQi  TmaQ�
Y QO R�� �xawtHt l� Sd�

� �f�x�� x�ou� �OW�� x � X w xOW xO�O � s�vm ZQi
l� x �Pr �OW���t x �w�L X QO R�� �xawtHt l� f���Sd�

� �f�x�� u��Q��v� �CU�
xm CU� OwHwt u�vJ � � 
 u��Q��v� �CU� f���Sd�

� �f�x�� R� �vwQO x	kv

Sd�
� �x� � f���Sd�

� �f�x��

xH�Dv QO
f�Sd�

� �x�� � Sd�
� �f�x���

xDUw�B X �wQ f Ow� x�wNrO x xm �Hv� R� �CU� xDUw�B x QO f xm OyO�t u�Wv u��
� �Ovm�t pt�m �Q u�yQ� u�� w OW���t

��mQD xm s�yO�t u�Wv TBU w s�vm�t KQ	t �Q CW�ov wO ��mQD �w�wt p�L
�CU� xDUw�B �xDUw�B CW�ov wO
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�OvW�� l� QDt ��y��i �Z� d�� w �Y� d�� w �X� d�� s�vm ZQi �h� QaD 	
���
 pmW� �g � f�A� � Y � Z w f � A � X � Y w A � X s�vm ZQi

sss
gf

a

A

X Y Z

g�f�a��
� g � f�a�

f�a�

f�A�

� �

�

g � f

��
 pmW

CQwY� xm Z x� A R� CU� �DW�ov �OwW�t xO�O V��tv gof �� xm �g w f ��mQD x�ou�
OwW�t h� QaD Q� R

�gof��a� � g�f�a�� �a � A�

Q� R f OQ'� xm CU� xOW h� QaD �Dkw �ki g w f CW�ov wO ��mQD xm s�vm xHwD O���
��rang�f� � Dom�g�� OW�� g �xvt�O �xawtHt

f�a� QO g w xDUw�B a � A QO f x�oQy �q�� h� QaD ��yO�tv u�ty �� �x��k �
�CU� xDUw�B a � A QO gof x�ou� �OW�� xDUw�B

�CU� xDUw�B f�a� QO g xm �Hv� R� �OW�� xOW xO�O � � 
 s�vm ZQi �u�yQ

xm CU� OwHwt u�vJ �� � 


�y � f�A� 
 d��y� f�a�� � �� �� d��g�y�� g�f�a��� � ��
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x � A Qy ��R�x� xm CU� OwHwt u�vJ � � 
 �CU� xDUw�B a QO f xm �Hv� R�

d��x� a� � � �� d��f�x�� f�a�� � ���

�Pr w f�x� � f�A� �x � A ��Q� u��Q��v�

d��x� a� � � �� d��g�f�x��� g�f�a��� � ��

� �Ovm�t C��F �Q xH�Dv u�� w CU� xDUw�B a QO gof xH�Dv QO

�� xOW h� QaD f � R� R xm O�yO u�Wv �hr�� ��yr�Ft �

f�x� �

����
���
x sin �

x

x �� 



 
x � 


�CU� xDUw�B x � 
 QO
u�vJty �CU� f�
� � 
 Cr�L u�� QO

lim
x��

f�x� � lim
x��

�x sin
�
x
� � 
 � f�
�

�CU� xDUw�B x � 
 QO f �Pr w
�� xOW h� QaD f � R� R ���D �oDUw�B ���

f�x� �

����
���

x�jxj
x


x �� 


 
x � 


�O�vm �UQQ� �Q
u��Q��v� �jxj � 	x x�ou� �x � 
 x�oQy

f�x� �
x� x

x
�

�x
x

� �
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�Pr �jxj � x �x � 
 x�oQy �CU� xDUw�B x � 
 Qy ��Q� ���D w

f�x� �
x	 x

x
�



x
� 
�

u�� Q� xwqa �f�
� � � p�L �OW���t xDUw�B R�v x � 
 Qy ��Q� ���D u��Q��v�

lim
x���

f�x� � lim
x���

x� x

x
� �

w
lim
x���

f�x� � lim
x���

x	 x

x
� lim

x���



x
� 
�

�CU� xDUw�B�v x � 
 QO f xH�Dv QO
x �� �w�Ut �� QDmJwm K�LY OOa u� QDoQR� V��tv �x	 O�vm ZQi �x � 
 ��Q� �G�

O�vm h� QaD Q� R CQwY� �Q VOwN x� �ivt�v �k�kL O�Oa� R� f ���D �OW��

f�x� � x	 �x	�

�O�vm �UQQ� K�LY x	kv Qy QO �Q ���D u�� �oDUw�B
�f�n� � n	 �n	 � n 	 n � 
 x�ou� �n � N s�vm ZQi

lim
x�n�

f�x� � lim
x�n�

�x	 �x	� � lim
x�n�

	 lim
x�n�

�x	

� n	 �n	 �� � �

w

lim
x�n�

f�x� � lim
x�n�

�x	 �x	�

� n	 n � 
�

s�vm�t xOy�Wt ��t� �CU� xDUw�B�v n � ������ � � � K�LY �x	kv Qy QO ���D u��Q��v�
�OW���t xDUw�B �Qo�O �x	kv Qy QO xm
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s�vm ZQi w f�x� y� � f�x� � f�y� xm OW�� u�vJ f � R� R s�vm ZQi �O�
�CU� xDUw�B x � R Qy QO f xm O�vm C��F �OW�� xDUw�B x � 
 QO f

s� Qw��t CUO� x � 
 � y ��NDv� �� �f�x�y� � f�x��f�y� xm �Hv� R�
u��Q��v� �f�	x� � 	f�x� s� Qw��t CUO� y � 	x O�yO Q�Qk �f�
� � 

� � 
 ��Q� �CU� xDUw�B x � 
 QO f xm �Hv� R� �f�x 	 y� � f�x� 	 f�y�

xm CU� OwHwt u�vJ � � 
 xOW xO�O


 � jx	 
j � � �� jf�x�	 f�
�j � �

��va�

 � jxj � � �� jf�x�j � ��

x�ou� �jx	 yj � � xm OvW�� u�vJ x� y � R x�oQy ��Pr

jf�x	 y�j � �

��va�
jf�x�	 f�y�j � ��

�CU� xDUw�B ��x	kv Qy QO f xm OyO�t u�Wv u��
�� xOW h� QaD f � R� R ���D xm O�yO u�Wv �y�

f�x� �

����
���

� 
x � RnQ
	� 
x � Q

�CU� xDUw�B�v �H xty QO
OOa �n C�Ft K�LY OOa Qy ��Q� x�ou� �OW�� ���� wo OOa Qy a s�vm ZQi
�CU�Qoty a x� fang �xr��vO �Pr w jan 	 aj � �

n
xm CU� OwHwt u�vJ an nvo

u��Q��v� �f�an� � � �n Qy ��Q� u�vJty

lim
n�� f�an� � ��
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�Pr w f�a� � 	� ��t�

lim
n�� f�an� �� f�a��

�ovo OOa Qy b xm s�vm ZQi TBU �CU�v xDUw�B ���� wo OOa I�y QO f u��Q��v�
xm OvOwHwt u�vJ fbng ��� wo O�Oa� �n C�Ft K�LY OOa Qy ��Q� x�ou� �OW��

xH�Dv QO w f�bn� � 	� �n Qy ��Q� ��t� � lim
n�� bn � b �Pr w jbn 	 bj � �

n

lim
n�� f�bn� � 	�

u��Q��v� w f�b� � � �rw

lim
n�� f�bn� �� f�b��

�CU�v xDUw�B R�v �ovo �x	kv I�y QO f TB
�� xOW h� QaD f � R� R ���D xm O�yO u�Wv �w�

f�x� �

����
���
x 
x � RnQ
	x 
x � Q

�OW���t xDUw�B�v �Qo�O x	kv Qy QO w CU� xDUw�B x � 
 QO �ki
�OW�� xOW xO�O � � 
 s�vm ZQi �x � 
 QO f �oDUw�B uO�O u�Wv ��Q�

x�ou� 
 � jxj � � w �� wo x O�vm ZQi �O�vm ��NDv� 
 � � � �

jf�x�	 f�
�j � j 	 xj � jxj � ��

x�ou� �
 � jxj � � w nvo x O�vm ZQi

jf�x�	 f�
�j � jxj � ��
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s� Qw��t CUO� �
 � jxj � � ��Q� Cr�L Qy QO u��Q��v�

jf�x�	 f�
�j � �

VwQ x� QiY Q�e �k�kL OOa Qy QO f �oDUw�B�v �CU� xDUw�B x � 
 QO f �Pr w
�s�vm�t Q�Po �w xOvv�wN x� u� QtD u�wva� �Q u� xm OwW�t C��F� p�k p�Ft x��Wt

s�vm ZQi w f�x� y� � f�x� � f�y� xm OW�� u�vJ f � R� R s�vm ZQi �R�
�f�x� � xf��� �x � R Qy ��Q� xm O�yO u�Wv x�ou� �OW�� xDUw�B x � 
 QO f

�f�	x� � 	f�x� u�vJty �f�
� � 
 � 
f��� xm s�v���t
x�ou� �OW�� C�Ft K�LY OOa l� x s�vm ZQi

f�x� � f�� � � � � � � � �� �z �
x�DQt x

� f��� � f��� � � � �� f���� �z �
x�DQt x

�f�x�y��f�x��f�y� xm �Hv� R� �

� xf����

C�Ft K�LY OOa l� y xm x � 	y x�ou� �OW�� �ivt K�LY OOa x s�vm ZQi
p�L �CU�

f�x� � f�	y� � 	f�y� � 	yf��� � xf����

b xm OwW xDWwv a

b
CQwY� Ov�wD�t x x�ou� �OW�� ���� wo OOa Qy x s�vm ZQi TBU

x�ou� �OvW���t pw� sy x� C�Uv b w a w K�LY OOa Qy a �C�Ft K�LY OOa

af��� � f�a� � f�
a

b
�b�

� f�
a

b
�
a

b
� � � � � a

b� �z �
x�DQt b

�

� bf�
a

b
��
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u��Q��v�
f�x� � f�

a

b
� �

a

b
f��� � xf����

u�vJ �� wo O�Oa� R� fxng �xr��vO x�ou� �OW�� �ovo OOa Qy x s�vm ZQi �C��yv QO
s� Q�O CU�� wo xn �n � N Qy ��Q� xm �Hv� R� � lim

n�� xn � x xm CU� OwHwt

f�xn� � xnf��� �n � N�

QO Ow� Oy�wN xDUw�B x QO f ��O� p�Ft x��v� �Pr CU� xDUw�B x � 
 QO f xm �Hv� R�
xH�Dv

f�x� � lim
n�� f�xn� � lim

n�� xnf���
� � lim

n�� xn�f���
� xf����

�Ovm�t C��F �k�kL x Qy ��Q� �Q xH�Dv u��
�OW�� xOW h� QaD Q� R CQwY� f � R� R s�vm ZQi �G�

f�x� �

����
���

� � x � Q

 
x � RnQ

�xOvv�wN �xOya� C��F�� �CU� xDUw�B�v ��x	kv Qy QO f xm O�yO u�Wv
�OW�� xOW h� QaD Q� R CQwY� f � R� R s�vm ZQi �"�

f�x� �

����
���
x 
x � Q

 
x � RnQ

�x	kv Qy QO w CU� xDUw�B x � 
 QO f OyO u�Wv xm CU� xOvv�wN �xOya x� R�v u��
�OW���t xDUw�B�v Qo�O
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f ���D �OW�� �a� b� R�� �xR�� �wQ xOW h� QaD �k�kL ���D f s�vm ZQi �h� QaD �
xm Ovm ��H�� a � x � y � b x�oQy OwW�t xO�t�v �OwaY �wvm� Qw�� �a� b� �wQ
a � x � y � b x�oQy OwW�t xO�t�v �rwRv �wvm� Qw�� �a� b��wQ f w f�x� 
 f�y�

�OwaY �wvm� Qw	� �� x�oQy OwW�t xO�t�v �wvm� f ���D �f�x� � f�y� xm Ovm ��H��
�OW�� �rwRv �wvm� Qw	� ��

OL w AJ OL x�ou� �OW�� �a� b� �wQ �wvm� �k�kL ���D f s�vm ZQi �x��k 

Qw	� f s�vm ZQi �QDj�kO u��� x� �CU� OwHwt x � �a� b� x	kv Qy QO f CU�Q

w OvOwHwt x � �a� b� Qy QO f�x�� w f�x�� x�ou� �OW�� �OwaY �wvm�

sup
t��a�x�

f�t� � f�x�� 
 f�x� 
 f�x�� � inf
t��x�b�

f�t��

x�ou� �a � x � y � b x�oQy �u��Q� xwqa

f�x�� 
 f�y���

xOvv�wN x� �Q u� C��F� w u��� xm CU� Q�QkQ� �y��Wt �xH�Dv OW�� �rwRv �wvm� Qw	� f x�oQy�
��s�vm�t Q�Po �w

O�yO Q�Qk �u�yQ


A � ff�t� � R � t � �a� x� � Rg�

f�x� OOa x� q�� R� A �xawtHt �CU� �OwaY �wvm� Qw	� �a� b� �wQ f xm �Hv� R�
Kw�w� � � � supA O�yO Q�Qk �OW���t st� QB wU ��Q�O A u��Q��v� �CU� Q�Ov�Qm
� � 
 s�vm ZQi ��aO� C��F� ��Q� �� � f�x�� xm s�vm�t �aO� p�L �� 
 f�x�

xm CU� OwHwt u�vJ � � 
 �CU� A �xawtHt st� QB wU � xm �Hv� R� �OW�� xOW xO�O
��	 � � f�x	 �� 
 � w a � x	 � � x
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�x	 � � t � x ��Q� �CU� �OwaY �wvm� Qw	� f xm �Hv� R� �u�� Q� xwqa

f�x 	 �� 
 f�t� 
 ��

CW�O s�y�wN a � x	 � � t � x ��Q� u��Q��v�

� 	 � � f�x	 �� 
 f�t� 
 �

�x	 � � t � x �Dkw �va�

jf�t�	 �j � ��

�Qo�O CQ��a�

lim
t�x�

f�t� � f�x�� � � � sup
t��a�x�

f�t��

xm OQm C��F u�wD�t x��Wt �WwQ ��

f�x� 
 lim
t�x�

f�t� � f�x�� � inf
t��x�b�

f�t��

CW�O s�y�wN x�ou� �a � x � y � b xm s�vm ZQi �xQNq��

f�x�� � inf
t��x�b�

f�t��

�x � y � b w CU� �OwaY f xm �Hv� R�

inf
t��x�b�

f�t� � inf
t��x�y�

f�t��

u��Q��v�
f�x�� � inf

t��x�y�
f�t��

xm O�O u�Wv u�wD�t �x��Wt Qw	�

f�y�� � sup
t��a�y�

f�t� � sup
t��x�y�

f�t��

� �Ovm�t pt�m �Q u�yQ� u�� w f�x�� 
 f�y�� �a � x � y � b ��Q� �Pr
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f �oDUw�B�v "�kv x�ou� �OW�� �wvm� �a� b� �wQ f s�vm ZQi �x��k ��
�CU� Q�PBVQ�tW QFm �OL ��xawtHt

A s�vm ZQi �OW�� �OwaY �wvm� Qw	� f s�vm ZQi �QDW�� CkO ��Q� �u�yQ

xm O�O s�y�wN u�Wv �CU� xDUw�B�v f xm OW�� �a� b� R� ���kv �xty �xawtHt V��tv
Qy ��Q� xm Ovm�t ��H�� q�� �x��k �Pr CU� �OwaY f xm �Hv� R� �CU� �Q�tW A

�x � �a� b�

f�x�� 
 f�x���

x�ou� �x � A s�vm ZQi

f�x�� � f�x���

xm O�vm ��NDv� u�vJ �Q r�x� ��� wo OOa

f�x�� � r�x� � f�x���

q�� �w�Ut�v QO xm s�vm�t Q��v u�vJ �Q r�x� ��� wo OOa �x � A Qy ��Q� u��Q��v�
l� u�� �OW�� �� wo ��yOOa u�vJ xty �xawtHt V��tv B s�vm ZQi �Ovm jOY
x� � x� X�N Cr�L QO �x� �� x� s�vm ZQi ��Q� R �CU� B w A u�� ��� Q!�vD

u��Q��v� �f�x�� � 
 f�x�� � xm Ovm�t ��H�� u�� �O� Q�o�

f�x�� � � r�x�� � f�x�� � 
 f�x�� � � r�x�� � f�x�� ��

Q!�vD l� u��Q��v� �r�x�� �� r�x�� ��va� �r�x�� � r�x�� xm CU� �vat u�O� xm
Q�PBVQ�tW ��� wo O�Oa� �xty �xawtHt �Q w B � Q �t� �OQ�O OwHw B w A u�� ���

�CU�
u�� �CU� Q�PBVQ�tW �Q�PBVQ�tW �xawtHt l� R� �xawtHt Q� R Qy xm �Hv� R�
� �Ovm�t pt�m �Q u�yQ� u�� w CU�Q�tW A u��Q��v� �CU�Q�tW B xm OyO�t xH�Dv
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�oOQWi w �oDUw�B �


xDUw�B CW�ov l� CLD l� QDt ���i R� xOQWi �xawtHt Q� R l� Q� wYD �x��k �
�CU� xOQWi

xDUw�B f � X � Y w l� QDt ��y��i �Y� d�� w �X� d�� s�vm ZQi �u�yQ

�CU� xOQWi f�K� xm O�O s�y�wN u�Wv �OW�� xOQWi K � X s�vm ZQi �OW��
ff���Gi� � i � Ig x�ou� �OW�� f�K� R� �R�� VWwB fGi � i � Ig s�vm ZQi
l� ��Q�O R�� VWwB u�� �CU� xOQWi K xm �Hv� R� �Ow� Oy�wN K R� R�� VWwB l�
xm OvDUy OwHwt u�vJ Gn �� � � �G� �G� xm �vat u�O� �CU� �y�vDt VWwB Q� R

K � 
ni��f
���Gi� � f���
ni��Gi��

xm OyO�t xH�Dv u�� �Pr

f�K� � 
ni��Gi�

�Pr w OW���t fG�� G�� � � � � Gng �y�vDt VWwB Q� R l� ��Q�O f�K� u��Q��v�
� �CU� xOQWi f�K�

Q�Ov�Qm �xOQWi l� QDt ���i l� �wQ xOW h� QaD �xDUw�B �k�kL ���D l� �xH�Dv �
�CU�

�OW�� xDUw�B f � X � R w xOQWi l� QDt ���i �X� d� s�vm ZQi �u�yQ

x��k x��v� w f�X� � R �t� �CU� xOQWi f�X� xm OyO�t xH�Dv q�� �x��k x�ou�
�Pr w CU� Q�Ov�Qm ��xawtHt �f OQ'� �f�X� u��Q��v� �CU� Q�Ov�Qm w xDU� pQw��xv��y

� �CU� Q�Ov�Qm f ���D
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f � X � R w xOQWi l� QDt ���i �X� d� s�vm ZQi �st� Rm �t Q�Okt x��k �
�OQ�o�t �Q OwN ��yu�Qm f x�ou� �OW�� xDUw�B

O�yO Q�Qk �CU� Q�Ov�Qm f xm Ovm�t ��H�� �r�k �xH�Dv �u�yQ


m � inf
x�X

f�x� � M � sup
x�X

f�x��

xm OvOwHwt u�vJ X QO d w c "�kv xm O�O s�y�wN u�Wv

f�c� � m � f�d� �M�

R� �OW���t Q�Ov�Qm w xDU� �Pr w CU� xOQWi R�v f�X� �CU� xOQWi X xm �Hv� R�
m sy �CU� xDU� f�X� xm �Hv� R� �OvOwHwt M w m �CU� Q�Ov�Qm f�X� xm �Hv�
xm OvOwHwt u�vJ X QO d� c xm CU� �vat u�O� u�� �OvW���t f�X� QO M sy w

f�c� � m � f�d� �M�

� �Ovm�t pt�m �Q u�yQ� u�� w

l� QDt ��y��i �Y� d�� w �X� d�� s�vm ZQi ��CN�wvm� �oDUw�B�h� QaD �
Qy ��Q� x�oQy OwW�t xO�t�v CN�wvm� �xDUw�B X �wQ f ���D �OW�� f � X � Y w

xm CU� OwHwt u�vJ �� x� xDU��w �ki ���� � 
 �� � 


�x� y � X
 d��x� y� � � �� d��f�x�� f�y�� � �� ���

�oDUw�B w �oDUw�B h� QaD xm OQ�PB� xOvv�wN CU� umtt K	U u�� QO �xQY�D 	
�oDUw�B �OQ�O OwHw �U�U� Cw�iD l� xm s�vm xHwD O��� �t� �OvDUy x��Wt CN�wvm�
h� QaD C�Y�N l� CN�wvm� �oDUw�B xm �r�L QO �CU� xOW h� QaD ��x	kv Qw	�
��Q� Qo � CU� xDUw�B x QO f x�ou� �x � X x�oQy �OW���t xawtHt l� �wQ xOW
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�OwW Q�QkQ� ��� xm OW�� OwHwt u�vJ x w � x� xDU��w � � 
 l� �xOW xO�O � � 

x�Lr Qy QO �xOW xO�O � � 
 l� ��Q� x�ou� �OW�� xDUw�B X R� x	kv Qy QO f x�oQy
Qy ��Q� xm s�vm �O�B � l� �ki OQ�Ov u�mt� w s� Qw� CUO� �Dw�iDt �� CU� umtt
�ki �� � 
 l� �yvD �f CN�wvm� �oDUw�B Cr�L QO �t� �OwW Q�QkQ� ��� �x � X

�CU� Q�QkQ� ��� X QO y w x Qy ��Q� xm OQ�O OwHw �x	kv Qy x� xv �t� � x� xDU��w
�t� �CU� xDUw�B �CN�wvm� �xDUw�B ���D Qy xm Ovm�t ��H�� q�� p�rLD u��Q��v�
s�y�wN �OwR� �CU�v CUQO xW�ty �r	t u�� Tma xm O�O Oy�wN u�Wv Q� R p�Ft

�CU� Q�QkQ� R�v u�� Tma OW�� xOQWi �f �xvt�O �X x�oQy xm O�O

�	���	 �wQ f�x� � x� �� xOW h� QaD f ���D xm O�yO u�Wv �hr�� ��yr�Ft �
�CU� CN�wvm� �xDUw�B

x�ou� �x� y � �	���	 s�vm ZQi

jf�x�	 f�y�j � jx� 	 y�j � j�x� y��x	 y�j
� jx� yjjx	 yj�

jx 	 yj � � �Dkw �jx� yj 
 � xm �Hv� R� �O�vm ��NDv� � � �

� �xDiQo �Q � � 

CW�O s�y�wN

jf�x�	 f�y�j � �� �� � ��

xOW Q�QkQ� �OW���t xOW ��NDv� "�kv R� pkDUt xm �� ��NDv� �� �sRq "QW u��Q��v�
�OW���t CN�wvm� �xDUw�B �	���	 �wQ f �Pr w CU�

�CU�v CN�wvm� �xDUw�B �
��	 �wQ f�x� � �
x
�� xOW h� QaD ���D xm O�yO u�Wv ���

� � 
 �CN�wvm� �oDUw�B ��Q� �CU� xDUw�B �
��	 QO ���D xm Ov���t xOvv�wN
xm s�W�� xDW�O u�vJ �
��	 QO y w x "�kv ��NDv� R� pkDUt �Q � � 
 O��� �xDiQo

�jx	 yj � � �Dkw
j�
x
	 �
y
j � ��

http://math75.ir


���� Q R�r�v� �
�

�jx	 �j � � CW�O s�y�wN y � � Qo � �t� �CU� CUQO xQ�� wO u�� y � � x�oQy
�rw jxj � �� �va�

j�
x
	 �
�
j � j� 	 x

�x
j � � �Dkw x� 
�

CN�wvm� �xDUw�B �xOQWi l� QDt ���i �wQ xOW h� QaD �xDUw�B CW�ov Qy �x��k �
�CU�

s�vm ZQi �OvW�� l� QDt ��y��i �Y� d�� w �X� d�� s�vm ZQi �u�yQ

CN�wvm� �xDUw�B f xm O�O s�y�wN u�Wv �OW�� xOQWi X w xDUw�B f � X � Y

�Pr �CU� xDUw�B X �wQ f xm �Hv� R� �OW�� xOW xO�O � � 
 s�vm ZQi �CU�
xm CU� OwHwt u�vJ �x � 
 �x � X Qy ��Q�

�y � Y 
 d��x� y� � �x �� d��f�x�� f�y�� �
�

� �

OW�� Q� R CQwY� xOW h� QaD �xawtHt Gx s�vm ZQi

Gx � fy � X � d��x� y� �
�
��xg�

�CU� xOQWi X xm �Hv� R� �OW�� X R� R�� VWwB l� fGxi � i � Ig s�vm ZQi
xm OvOwHwt u�vJ xn �� � � �x� �x� �x	kv �y�vDt O�OaD

X � 
ni��Gxi�

O�yO Q�Qk
� �

�
� minf�x�� �x�� � � � � �xng�

�CU� x R� pkDUt u�� w � � 
 x�ou�
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pk�OL ��Q� x�ou� �d��x� y� � � xm OvW�� u�vJ x� y � X s�vm ZQi
�d��x� xm� � �

��xm xm OyO�t u�Wv u�� �x � Gxm �m � ���� � � � � n l�
u�vJty �d��f�x�� f�xm�� � �

� u��Q��v�

d��xm� y� 
 d��xm� x� � d��x� y�

�
�
��xm � � 
 �xm�

u��Q��v�
d��f�xm�� f�y�� �

�

� �

�Pr

d��f�x�� f�y�� 
 d��f�x�� f�xm�� � d��f�xm�� f�y��

�
�

� �
�

� � ��

� �Ovm�t pt�m �Q x��k u�yQ� u�� w CU� CN�wvm� �xDUw�B f u��Q��v�

�Ov�ty w �oDUw�B ��

Ov�ty �Qo�O l� QDt ���i x� Ov�ty l� QDt ���i Qy �xDUw�B Q� wYD �x��k �
�CU�

ZQi �OW�� Ov�ty X w l� QDt ��y��i �Y� d�� w �X� d�� s�vm ZQi �u�yQ

x� �CU� Ov�ty f�X� xm O�O s�y�wN u�Wv �OW�� xDUw�B xDW�ov f � X � Y s�vm
sy R� �OH �yD�v R�� ��yxawtHt x�ou� �OW�� Ov�ty�v f�X� s�vm ZQi �hrN u�yQ�

w xDW�O l �QDW� f�X� �� s�Om Qy xm OvOwHwt Y QO B w A

f�X� � A 
B�
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��yxawtHt f���B� w f���A� �OvW���t sy R� �OH B w A w xDUw�B f xm �Hv� R�
�yD�v f���B� w f���A� Ovm j�kLD xm CU� xOvv�wN �xOya x� �OvW���t X QO �R��

w OvDUy sy R� �OH w

f���A� 
 f���B� � X�

xOW C��F x��k �Pr �CU� �Ov�ty ZQi �� Zk�vDt u�� w CU� Ov�ty�v X x�ou�
� �CU�

f � X � R w Ov�ty l� QDt ���i �X� d� s�vm ZQi ��v��t Q�Okt �x��k �
u�vJ x � X �x	kv x�ou� �f�x�� � c � f�x�� w x�� x� � X x�oQy �OW�� xDUw�B

�f�x� � c xm CU� OwHwt

R�v f�X� xm s� Q�o�t xH�Dv p�k �x��k R� �Pr �CU� Ov�ty X xm �Hv� R� �u�yQ

xm �Hv� R� �OW�� xR�� l� CQwY� O��� f�X� � R xm �Hv� R� �OW���t Ov�ty
�c � f�X� xm Ovm�t ��H�� u�� �f�x�� � c � f�x�� w f�x��� f�x�� � f�X�

� �Ovm�t pt�m �Q x��k u�yQ� u�� w f�x� � c xm CU� OwHwt u�vJ x � X u��Q��v�

�OLt ���wD �


�w�wt �OQm s�y�wN C�LY �oDUw�B �� u� �x	��Q w �OLt ���wD xQ�� QO VN� u�� QO
j�kLD ��R�U xv�y� �x� Q�v �xrtH R� ��OQ� Q�m p��Ut QO �tyt Q��U� Vkv �OLt ���wD
TBU w s�vm�t QmP �Q �OLt ���wD h� QaD �OD�� �Ovm�t �R�� O�YDk� w C��rta QO

�OQm s�y�wN KQ	t �Q u� R� p�Ft OvJ
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w OW�� R �k�kL �N �wQ �a� b	 �xDU� �xR�� V��tv I s�vm ZQi �h� QaD �
�x� y � I w � � �
��	 ��Q� x�oQy OwW�t xO�t�v �OLt I �wQ f ���D �f � I � R

f��x � ��	 ��y� 
 �f�x� � �� � ��f�y��

f �OW�� Q�QkQ� O�m � �w�Ut�v x �� y ��Q� x�oQy OwW�t xO�t�v �OLt ��O�m � f ���D
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jxj
x

� lim
x���

	x
x

� 	��

f ���
� � lim
x���

jxj 	 j
j
x	 
 � lim

x���

jxj
x

� lim
x���

x

x
� �

�CU� xDUw�B x � 
 QO ���D u�� �t� �CU�v Q�PBjDWt 
 QO f u��Q��v�
�� xOW h� QaD f ���D �G�

f�x� �

����
���
x sin �

x

x �� 



 
x � 
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�CU�v Q�PBjDWt ��O�t QO
Cr�L u�� QO

f�x�	 f�
�
x	 
 �

x sin �
x

x
� sin

�
x

�CU�v Q�PBjDWt 
 QO ���D u��Q��v� �Ovm�tv p�t �OL I�y x� �x � 
 �Dkw u�� w
�CUy xDUw�B �t�

�� xOW h� QaD f ���D �O�

f�x� �

����
���
x� sin �

x

x �� 



 
x � 


�Q� R �OW���t �xDUw�B R�v w� Q�PBjDWt 
 QO

f ��
� � lim
x��

f�x�	 f�
�
x	 
 � lim

x��

x� sin �
x

x

� lim
x��

x sin
�
x
� 
�

u�� QO x�ou� �OW�� Q�PBjDWt x� � �a� b	 QO f � �a� b	� R ���D x�oQy �x��k �
�CU�v CUQO xQ�Ro u�� Tma �CU� xDUw�B x	kv

s� Q�O x�ou� �OW�� Q�PBjDWt x� � �a� b	 �x	kv QO f s�vm ZQi �u�yQ


f ��x�� � lim
x�x�

f�x�	 f�x��

x	 x�
�

p�L

lim
x�x�

�f�x�	 f�x��	 � lim
x�x�

�
f�x�	 f�x��

x	 x�
�x	 x��	

� � lim
x�x�

f�x�	 f�x��

x	 x�
	� lim
x�x�

�x	 x��	

� f ��x��� 
 � 
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u��Q��v�
lim
x�x�

f�x� � f�x��

�CU� xDUw�B x� QO f �Pr w
� �OwW�t xH�Dv �G� w ��� � p�Ft R� Tma Cr�L �DUQO�v

��tH ��� xm O�UQB s�y�wN xvwtv Qw	�  CU� KQ� p��k syt p�w
U u�OvJ p�L
&OvW���t Q�PBjDWt �Q�PBjDWt ���wD ��mQD w s�UkD ��Q� �Qr�mU� �Q�

�OvwW�t xO�O ��wH Q� R �����k QO Cq�w
U u��

w OvW�� Q�PBjDWt x� � �a� b	 �x	kv QO f� g � �a� b	� R s�vm ZQi �x��k 	
Q�PBjDWt x� QO �g�x�� �� 
 x�oQy� f

g
w fg ��f �f � g x�ou� �� � R s�vm ZQi

w OvW���t
��f � g���x�� � f ��x�� � g��x�� �hr��

���f���x�� � �f ��x�� ���
��fg���x�� � f ��x��g�x�� � f�x��g��x�� �G�

��f
g
���x�� �

g�x��f ��x���f�x��g��x��
�g�x����

�O�

x�ou� �h � fg O�yO Q�Qk �G� C��F� ��Q� �s�vm�t C��F �Q �O� w �G� �ki �u�yQ


h�x�	 h�x�� � f�x��g�x�	 g�x��	 � g�x���f�x�	 f�x��	�

u��Q��v�
h�x�	 h�x��

x	 x�
� f�x��

g�x�	 g�x��

x	 x�
� g�x��

f�x�	 f�x��

x	 x�

w f�x�� f�x�� s� Q�O x� x� �Dkw p�L

h��x�� � f�x��g
��x�� � g�x��f

��x��

� f ��x��g�x�� � f�x��g
��x���
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x�ou� �h � f

g
O�yO Q�Qk �O� C��F� ��Q�

h�x�	 h�x��

x	 x�
�

�
g�x�g�x��

�g�x�
f�x�	 f�x��

x	 x�
	 f�x��

g�x�	 g�x��

x	 x�
	

�Pr w g�x�� g�x�� s� Q�O x� x� ��

h��x�� �
�

�g�x��	�
�g�x��f

��x��	 f�x��g
��x��	��

x� QO R�v f 	 g x�ou� �OvW�� Q�PBjDWt x� QO g w f x�oQy �hr�� ��yxQY�D
w CU� Q�PBjDWt

�f 	 g���x�� � f ��x��	 g��x���

w CU� Q�PBjDWt x� QO �
f

x�ou� �f ��x�� �� 
 w OW�� Q�PBjDWt x� QO f x�oQy ���

�
�
f
���x�� �

	f ��x��

�f�x��	�
�

OW�� xOW h� QaD Q� R CQwY� f s�vm ZQi �G�

f�x� � xn�

�f ��x� � nxn�� �x Qy ��Q� x�ou� �n � � x�oQy
�f ��x� � nxn�� �x �� 
 Qy ��Q� x�ou� �n � � x�oQy

��xrtH OvJ Qy �O�

f�x� � a� � a�x� a�x
� � � � � � anx

n

�CU� Q�PBjDWt x	kv Qy QO �OvDUy �k�kL O�Oa� an �� � � �a� �a� �a� xm
�� xOW h� QaD ��� wo ���D Qy �y�

f�x�

g�x�

�OW�� g�x� � 
 xm ���kv QO Qot CU� Q�PBjDWt
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QO w OW�� xDUw�B w xOW h� QaD �a� b	 �wQ f �k�kL ���D s�vm ZQi �x��k �
xOW h� QaD f OQ'� �w�L I �xR�� �wQ g Qo�O �k�kL ���D �OW�� Q�PBjDWt ��x� � �a� b	

Q�PBjDWt x� QO �g w f ��mQD x�ou� �OW�� Q�PBjDWt f�x�� QO g w OW�� xDUw�B w
w CU�

�gof���x�� � g��f�x���f
��x���

�CU� Q�PBjDWt y� QO g xm �Hv� R� �y� � f�x�� O�yO Q�Qk �u�yQ


g�y�	 g�y�� � �y 	 y���g
��y�� � v�y�	

�v�y�� 
 �y � y� �Dkw w y � I xm
�CU� Q�PBjDWt x� QO f xm �Hv� R�

f�x�	 f�x�� � �x	 x���f
��x�� � u�x�	

�u�x�� 
 �x� x� �Dkw w x � �a� b	 xm
x�ou� �h � gof w y � f�x� O�yO Q�Qk

h�x�	 h�x�� � g�f�x��	 g�f�x���

� �f�x�	 f�x��	�g
��y�� � v�y�	

� �x	 x���f
��x�� � u�x�	�g��y�� � v�y�	�

�x �� x� Qo � p�L

h�x�	 h�x��

x	 x�
� �g��y�� � v�y�	�f ��x�� � u�x�	�

CW�O s�y�wN x� x� �� �CU� xDUw�B x� QO f xm �Hv� R�

y � f�x�� f�x�� � y�
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�Pr w
h��x�� � g��f�x����f

��x��

� �Ovm�t pt�m �Q x��k u�yQ� u��

u�ov��t Q�Okt ��yx��k �	

w Q�PBjDWt �a� b� QO w xDUw�B �a� b	 �wQ f � �a� b	� R x�oQy �pw�Q x��k �
�f ��c� � 
 xm CU� OwHwt u�vJ c � �a� b� �x	kv x�ou� �OW�� f�a� � f�b�

Q�Okt x��k R� u�� CU� xDUw�B �a� b	 xOQWi �xawtHt �wQ f xm �Hv� R� �u�yQ

x�oQy �Qo�O CQ��a� �OQ�o�t �Q OwN ��yu�Qm w CU� Q�Ov�Qm f xm Ovm�t ��H�� st� Rm �t

m � inf
x��a�b�

f�x� � M � sup
x��a�b�

f�x�

xm OvOwHwt u�vJ �a� b	 QO d w c "�kv x�ou�

f�c� � m � f�d� � M�

�Pr �f ��x� � 
 �x � �a� b	 Qy ��Q� u��Q��v� w CU� C��F f x�ou� �m � M x�oQy
�f�a� � f�b� xm �Hv� R� �m ��M xm s�vm�t ZQi �CU� Q�QkQ� �y�O� Qw	� xH�Dv
hr�Nt �m � f�c� #qFt ��yv� R� �m� pk�OL �OvW�� f�a� �� �w�Ut Ovv�wD�tv M w m
�c � �a� b� �Pr w �c �� b xm O�O u�Wv u�wD�t x��Wt Qw	� �c �� a �Pr �OW���t f�a�

s� Q�O �f ��c� � 
 xm s�vm�t �aO�

f�c� h� 	 f�c� � 
 �h�

�rw
f�c� h�	 f�c�

h

����
���
� 
 
h � 


 
 
h 
 
�
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�t ��aO� u��Q��v� w f ��c� � 
 Qot CU�v umtt u�� �CU� OwHwt f ��c� xm �Hv� R�
� �CU� xOW C��F

�wQ w xDUw�B �a� b	 �wQ f � �a� b	� R x�oQy �Sv�Qo q u�ov��t Q�Okt �x��k �
xm CU� OwHwt u�vJ c � �a� b� x	kv x�ou� OW�� Q�PBjDWt �a� b�

f�b�	 f�a�

b	 a
� f ��c��

O�vm h� QaD Q� R CQwY� �Q F ���D �u�yQ


F �x� � f�x�	 f�b�	 f�a�

b	 a
x�

F �a� � F �b� w Q�PBjDWt �a� b� QO w xDUw�B �a� b	 �wQ w xOW h� QaD �a� b	 �wQ F
u�vJ c � �a� b� �x	kv u��Q��v� �Ovm�t jOY pwQ �x��k ���QW QO F x�ou� �OW���t

�x � �a� b� ��Q� �t� �F ��c� � 
 xm CU� OwHwt

F ��x� � f ��x�	 f�b�	 f�a�

b	 a
�

s� Q�O u��Q��v�
f ��c� �

f�b�	 f�a�

b	 a

� �Ovm�t pt�m �Q u�yQ� u�� w

f� g � �a� b	� R x�oQy ��Wmu�ov��t Q�Okt �x��k �
�xDUw�B �a� b	 �wQ �hr��

�Q�PBjDWt �a� b� �wQ ���
�g��x� �� 
 �x � �a� b� Qy ��Q� �G�

xm CU� OwHwt u�vJ c � �a� b� �x	kv x�ou� �OvW��
f�b�	 f�a�

g�b�	 g�a�
�
f ��c�
g��c�

�
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O�vm h� QaD Q� R CQwY� �Q F ���D �u�yQ


F �x� � f�x�	 f�b�	 f�a�

g�b�	 g�a�
g�x��

xm CU� OwHwt u�vJ c � �a� b� �x	kv �Pr w Ovm jOY pwQ x��k ���QW QO F

�x � �a� b� ��Q� p�L �F ��c� � 


F ��x� � f ��x�	 f�b�	 f�a�

g�b�	 g�a�
g��x��

u��Q��v�
f ��c�
g��c�

�
f�b�	 f�a�

g�b�	 g�a�

� �Ovm�t pt�m �Q u�yQ� u�� w

Qy ��Q� x�ou� �OW�� Q�PBjDWt �a� b� �wQ f � �a� b�� R s�vm ZQi �x��k �
�x � �a� b�

�CU� �OwaY �wvm� Qw	� f x�ou� f ��x� � 
 x�oQy �hr��
�CU� �rwRv �wvm� Qw	� f x�ou� f ��x� 
 
 x�oQy ���

�CU� C��F f x�ou� f ��x� � 
 x�oQy �G�

u�ov��t Q�Okt �x��k ���QW QO f xm s�v���t �x�� x� � �a� b� s�vm ZQi �u�yQ

CU� OwHwt u�vJ x � �x�� x�� �x	kv u��Q��v� �Ovm�t jOY �x�� x�	 �xR�� QO Sv�Qo q

xm
f�x��	 f�x��

x� 	 x�
� f ��x��

� �OwW�t xH�Dv jwi �xrO�at R� x��k G��Dv �xty p�L

u�� Q�O�kt �xty f � x�ou� �OW�� Q�PBjDWt f � �a� b	� R s�vm ZQi �x��k 	

�x	kv x�ou� f ��a� � c � f ��b� x�oQy �QDj�kO u��� x� �OQ�o�t �Q f ��b� w f ��a�
�f ��x�� � c xm CU� OwHwt u�vJ x� � �a� b�
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O�vm h� QaD Q� R CQwY� �Q F ���D �u�yQ


F �x� � f�x�	 cx �x � �a� b	�

�F ��x� � f ��x�	 c x�ou�
OwHwt u�vJ x� � �a� b� u��Q��v� �F ��a� � f ��a� 	 c � 
 xm s�v���t
u��Q��v� �F ��b� � f ��b� 	 c � 
 u��Q�xwqa �F �x�� � F �a� xm CU�
Q�PBjDWt �a� b	 �wQ f xm �Hv� R� �F �x�� � F �b� xm CU� OwHwt x� � �a� b�

F �Pr �OW���t xDUw�B �a� b	 �xOQWi �xawtHt �wQ �Pr w Q�PBjDWt R�v F CU�
�x	kv x�ou� �m � inf F �x� x�oQy �QDk�kO u��� x� �OQ�o�t �Q OwN ��yu�Qm
CQwYv�� Q�e QO �Q� R �x� �� a p�L �F �x�� � m xm CU� OwHwt u�vJ x�

x��Wt Qw	� �CU� m h� QaD �� Zk�vDt u�� w m � F �x�� � F �a� � F �x��

�Q� R �F ��x�� � 
 xm s�vm�t ��aO� � x� � �a� b� xm OvyO�t u�Wv �yv�� �x� �� b

xm �F �x� � F �x�� � m xm OW�� OwHwt u�vJ x �x	kv O��� �F ��x�� � 
 x�oQy
x��Wt Zk�vD l� �F ��x�� � 
 xm s�vm ZQi x�oQy �OW���t mh� QaD �� Zk�vDt

xm OyO�t u�Wv u�� �F ��x�� � f ��x��	 c � 
 u��Q��v� �s� Qw��t CUO�

f ��x�� � c

� �Ovm�t pt�m �Q u�yQ� u�� w

Q�PBjDWt �a� b	 �wQ f � �a� b	� R s�vm ZQi ��Tmw
 Q�O x��k� xH�Dv �
u�vJ x� � �a� b� �x	kv x�ou� �OvW�� xDW�O Cw�iDt ��yDtqa f ��b� w f ��a� w OW��

�f ��x�� � 
 xm CU� OwHwt

Q�Qk �f ��a�� f ��b�� �xR�� QO 
 x�ou� �f ��b� � 
 w f ��a� � 
 s�vm ZQi �u�yQ

� �f ��x�� � 
 xm CU� OwHwt u�vJ x� � �a� b� q�� �x��k x��v� �Pr �OQ�O

���tvy�Q p�k �x��k u�yQ� p�qO �� pkDUt ��xH�Dv C��F� x� �Q xOvv�wN p�L
�s�vm�t
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a� b � R Qy ��Q� �x��k �

ja� bj
� � ja� bj 


jaj
� � jaj �

jbj
� � jbj�

O�vm h� QaD Q� R CQwY� �Q f � R� � R� ���D �u�yQ


f�x� �
x

� � x

s� Q�O �CU� �ivt�v �k�kL O�Oa� �xty �xawtHt V��tv R� xm

f ��x� �
�

�� � x��
� 
 �x � R��

�a� b � R ��Q� �u��Q�xwqa �CU� �OwaY �wvm� Qw	� f xm Ovm�t ��H�� u�� �Pr
u��Q��v� �ja� bj 
 jaj� jbj

f�ja� bj� 
 f�jaj� jbj�

��

ja� bj
� � ja� bj 


jaj� jbj
� � jaj� jbj

�
jaj

� � jaj� jbj �
jbj

� � jaj� jbj

 jaj

� � jbj �
jbj

� � jbj ��

�k�kL ���D wO g w f s�vm ZQi ���� sy�t Cr�L ��Q
 p�D�Bwy �xOa�k� x��k �
xm OvW��

�g��x� �� 
 �a pwL �a	�� a��� R�� �xR��l� QO x Qy ��Q� w OvQ�PBjDWt wO Qy �hr��
�f�a� � 
 � g�a� ���
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�CU� OwHwt lim
x�a

f ��x�
g��x�

�G�
w OQ�O OwHw lim

x�a

f�x�
g�x�

x�ou�

lim
x�a

f�x�

g�x�
� lim

x�a

f ��x�
g��x�

�

���QW QO g w f x�ou� �OW�� �a	 �� a� �� R�� �xR�� x� jraDt x s�vm ZQi �u�yQ

u�vJ c � �a� x� �x	kv u��Q��v� �Ovvm�t jOY �a� x	 �xR�� QO �Wmu�ov��t Q�Okt �x��k

xm CU� OwHwt
f�x�	 f�a�

g�x�	 g�a�
�
f ��c�
g��c�

�

s� Q�O �f�a� � 
 � g�a� xm �Hv� R�

f�x�

g�x�
�
f ��c�
g��c�

u��Q��v� �c� a CW�O s�y�wN x� a �Dkw �c � �a� x� uwJ

lim
x�a

f�x�

g�x�
� lim

x�a

f ��c�
g��c�

� lim
c�a

f ��c�
g��c�

� lim
x�a

f ��x�
g��x�

� �Ovm�t pt�m �Q u�yQ� u�� w

�lim
x��

sinx
x

� lim
x��

cosx
� � �

� � � �p�Ft 

sy�t ��yDr�L ��Q� p��DB wy xOa�k xm OyO u�Wv Ov�wD�t xOvv�wN

�	��
���
�
� �
�������

�CU� Q�QkQ� R�v
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Qwr�D �x��k �


x�ou� �OW�� Q�PBjDWt R�v f � w OW�� �a� b	 �xR�� �wQ Q�PBjDWt �k�kL ���D f s�vm ZQi
�Q f ��� �OW�� Q�PBjDWt f �� x�oQy x��Wt Qw	� �s�U� wv�t f � jDWt V��tv ��Q� �Q f ��
f �n��� jDWt V��tv ��Q� �Q f �n� VwQ u�� QO �s� Q��t Q�m� f �� jDWt V��tv ��Q�
�OW�� OwHwt f �n��� jDWt �n C�Ft K�LY OOa Qy ��Q� xm �DQwY QO s� Q��t Q�m�
��DQDx� f ��� w f �� �f � �xS� w� �OwW�t xO�t�v f s�n �x	DQt jDWt �OwHw CQwY QO �f �n�

�OvwW�t xO�t�v f swU w swO �pw� �x�DQt C�kDWt

xm OW�� �k�kL �a��D f s�vm ZQi �Qwr�D x��k �
�CU� xDUw�B �a� a� h	 QO f �n��� �hr��

�CU� OwHwt �a� a� h� QO f �n� ���
xm CU� OwHwt u�vJ � � �
��� OOa �xOW xO�O m C�Ft K�LY OOa ��Q� x�ou�
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�CU� xOvv�wN �xOya x� u�yQ� �CU�v

�CU� Q�Ov�Qm Q��eD �� ���D l� Q�Ov�Qm Q��eD �� ���D wO �wtHt �hr�� �C�Y�N OvJ �
R�Qi� Qy ��Q� x�ou� �OvW�� Q�Ov�Qm Q��eD �� �
��	 QO g w f s�vm ZQi

f
 � x�� x�� x�� � � � � xn � �g

s� Q�O
X j�f � g��xi���	 �f � g��xi�j

�
X jf�xi��� � g�xi���	 f�xi�	 g�xi�j


X jf�xi���	 f�xi�j�
X jg�xi���	 g�xi�j


V �f� � V �g��

�OW���t Q�Ov�Qm Q��eD �� �
��	 QO f � g �Pr

�OW���t Q�Ov�Qm Q��eD �� �a��D �Q�Ov�Qm Q��eD �� ���D wO �Q� ���
g w f xm s�v�O�t �OvW�� �
��	 QO Q�Ov�Qm Q��eD �� ���D wO g w f s�vm ZQi

� x � �
��	 Qy ��Q� xm CU� OwHwt u�vJ K C��F u��Q��v� �OvW���t Q�Ov�Qm

jf�x�j 
 K w jg�x�j 
 K�
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x�ou� �OW�� x�wNrO �R�Qi� f
 � x�� x�� � � � � xn � �g s�vm ZQi
X j�fg��xi���	 �fg��xi�j
�
X jf�xi���g�xi���	 f�xi�g�xi�j

�
X jf�xi���fg�xi���	 g�xi�g� g�xi�ff�xi���	 f�xi�gj


X jf�xi���jjg�xi���	 g�xi�j�
X jg�xi�jjf�xi���	 f�xi�j


 KV �g� �KV �f��

�CU� Q�Ov�Qm Q��eD �� fg u��Q��v�
�Ov�xDUO l� xm s� Q��t u���B x� uOQwS syt �r�N �x��k C��F� �� �Q VN� u��

�OyO�t x��Q� �Q Q�Ov�Qm Q��eD �� ���wD R�

Qw	� ���D wO p��iD CQwY x� u�wD�t �Q Q�Ov�Qm Q��eD �� ���D l� �uOQwS x��k �
OW�� �
��	 �wQ Q�Ov�Qm Q��eD �� �a��D f x�oQy �QDk�kO u��� x� �O�O V��tv �OwaY �wvm�
�x � �
��	 ��Q� xm OvOwHwt u�vJ �
��	 �wQ f� w f� �OwaY �wvm� Qw	� ���wD x�ou�

f�x� � f��x�	 f��x� ���

w
V �f� � f��x� � f��x�� ���

O�vm h� QaD Q� R CQwY� �Q f� w f� �u�yQ


f� �
�
� �V �f� � f 	�

f� �
�
� �V �f� 	 f 	�

�OvQ�QkQ� ��� w ��� �Pr
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ZQi �Qw�vt u�� ��Q� �Ov��OwaY �wvm� Qw	� f� w f� xm s�yO u�Wv CU� �i�m
x�ou� �x� � x� s�vm

f��x��	 f��x��

�
�
� �V �f�x��� � f�x��		 �

� �V �f�x��� � f�x��	

�
�
� �V �f�x���	 V �f�x���	 �

�
� �f�x��	 f�x��	

�
�
� �V �f� � ff�x�� 	 f�x��g	�

s� Qw��t CUO� V �f� � jf�x��	 f�x��j xm �Hv� R�

f��x��	 f��x�� � 


�va�
f��x�� � f��x��

xm O�O u�Wv u�wD�t x��Wt Qw	� �CU� �OwaY �wvm� Qw	� f� �Pr w

f��x�� � f��x��

� �Ovm�t pt�m �Q x��k u�yQ� u�� w

�xDU� �xR�� R� �
��	 �xDU� �xR�� ��H x� s�DUv�wD�t q�� ��yFL� �xty QO �xQY�D �
�s�vm xO�iDU� �a� b	 x�wNrO

xQU�v ��yp�QoDv� ��

�N R� �a� b	 �Q�Ov�Qm � xDU� �xR�� �wQ xm f Q�Ov�Qm �k�kL ���D l� u�t� Q p�QoDv� EL�
�Q f ���D p�QoDv� R� �twyit VN� u�� QO �s�OQm KQ	t �Q Ow� xOW h� QaD R �k�kL

xm s�vm�t KQ	t
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�� �a� b � R xm CU� �	�� b	 �� �a���� pmW x� xR�� �� �hr��
�Ovm p�t C��yv�� x� ���D Ovm�t p�t c � �a� b	 Ovv�t ��x	kv x� x �Dkw ���

�OvwW�t xO�t�v xQU�v ��yp�QoDv� ����yr�QoDv� u�vJ

QO �a � R xm OW�� Q�Ov�Qm w xOW h� QaD �a���� QO f s�vm ZQi �h� QaD �
OwW�t h� QaD Q� R CQwY� �a���� �wQ f p�QoDv� CQwYv��

lim
y���

Z y

a
f�x�dx�

s�yO�t V��tv Q� R CQwY� �Q u� �OW�� OwHwt OL u�� x�oQyZ ��

a
f�x�dx�

QO �CU� �Qoty R��a f�x�dx �xQU�v p�QoDv� xm s��wo�t �OW�� OwHwt q�� OL x�oQy
Q�Ov�Qm �	�� b	 �wQ f x�oQy x��Wt Qw	� �OwW�t xO�t�v �Qo �w p�QoDv� CQwYv�� Q�e

x�oQy w OW��
lim

y���

Z b

y
f�x�dx

�xQU�v p�QoDv� s��wo�t x�ou� �OW�� OwHwtZ b

��
f�x�dx

�CU�Qoty
�xQU�v p�QoDv� x�ou� �OW�� Q�Ov�Qm w xOW h� QaD R �wQ f x�oQyZ ��

��
f�x�dx �

Z a

��
f�x�dx�

Z ��

a
f�x�dx�

�OvW�� �Qoty ��a � R ��Q� CU�Q CtU p�QoDv� wO x�oQy
��va� �q�� QO xOW h� QaD �xQU�v ��yp�QoDv�Z ��

a
f�x�dx �

Z b

��
f�x�dx w

Z ��

��
f�x�dx

�OvwW�t xO�t�v pw� �wv �xQU�v ��yp�QoDv�
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� x � a �Dkw �t� �OW�� xOW h� QaD �a� b	 �wQ f s�vm ZQi �h� QaD �

�xQU�v p�QoDv� x�ou� �OW�� h � 
 s�vm ZQi �f�x���
Z b

a
f�x�dx

OwW�t h� QaD Q� R CQwY�

lim
h��

Z b

a�h
f�x�dx�

x��Wt Qw	� �OwW�t xO�t�v �Qoty p�QoDv� Cr�L u�� QO  OW�� OwHwt jwi OL x�oQy
�h � 
 ��Q� x�ou� �f�x��� �x� b �Dkw x�oQy

Z b

a
f�x�dx � lim

h��

Z b�h

a
f�x�dx

�OW�� OwHwt OL u�� x�oQy
�xQU�v ��yp�QoDv� ���Qoty x�ou� �x � c � �a� b� �Dkw f�x� � � x�oQy

s�vm�t u�LDt� �Q Q� R
Z c

a
f�x�dx w

Z b

c
f�x�dx�

s�vm�t h� QaD �OvW�� �Qoty �yp�QoDv� u�� x�oQy

Z b

a
f�x�dx �

Z c

a
f�x�dx �

Z b

c
f�x�dx�

�OvwW�t xO�t�v swO �wv �xQU�v ��yp�QoDv� ����yp�QoDv� u�vJ
��yp�QoDv� ���Qoty ��Q� ���yuwtR� xm s�vm�t u��� C��F� uwO� �Q Q� R �x��k wO

�OvW���t xQU�v
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C�Ft w xOW h� QaD �a����wQ xm OvW�� �k�kL ���D wO g� f s�vm ZQi �x��k �
s�vm ZQi w OvW���t

lim
x��

f�x�

g�x�
� �

��yp�QoDv� x�ou� �OW���t QiYQ�e �k�kL OOa � xmZ �

a
f�x�dx w

Z �

a
g�x�dx

�OvW���t �Qo �w wO Qy �� w �Qoty wO Qy ��

Q�Ov�Qm � h � 
 ��a�h� b	 �wQ xm OvW�� �k�kL ���D wO g� f s�vm ZQi �x��k �
s�vm ZQi �OW�� �y�vDt�v �oDUw�B�v �x	kv �yvD a w OvW���t C�Ft w

lim
x�a�

f�x�

g�x�
� ��

��yp�QoDv� x�ou� �OW���t QiY�v �k�kL OOa � xmZ b

a
f�x�dx w

Z b

a
g�x�dx

�Ov��Qo �w wO Qy �� w �Qoty a QO wO Qy ��
w �t�o ���D �yv� �R� �m� �s�vm�t KQ	t �Q xQU�v ��yp�QoDv� R� syt p�Ft wO p�L
Q�v QO �Q Q� R p�QoDv� �s�vm�t KQ	t �Q �t�o ���D �OD�� �OwW�t xO�t�v �D� ���D �Qo�O

O� Q�o�Z ��

�
e�xxa��dx

CU� xDUw�B x � 
 QO p�QoDv� Q� R ���D �a � � x�oQy �CU� C��F l� a u� QO xm
Q� R ���D x � 
 �Dkw �a � � x�oQy �t� �OW���t pw� �wv R� xQU�v p�QoDv� u��Q��v� w
���Qoty �Pr �CU� xQU�v OL wO Qy QO q�� p�QoDv� �Pr w Ovm�t p�t � x� p�QoDv�

��yp�QoDv�Z �

�
e�xxa��dx w

Z �

�
e�xxa��dx
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�s� Q�o�t Q�v QO � w 
 QO ��DQD x� �Q
O�yO Q�Qk 
 QO ���Qoty ��Q�

f�x� � e�xxa�� �
e�x

x��a

O�vm h� QaD w
F �x� �

�
x��a �

p�L
lim
x��

f�x�

F �x�
� �

wZ �

�
F �x�dx �

Z �

�

�
x��adx

�a � 
 Qo � �yvD w Qo � CU�Qoty 
 QO
a C��F Qy ��Q� xm s�v���t �� QO ���Qoty ��Q�

ex � xa���

u��Q��v�
e�x � x�a��

�Pr w
e�xxa�� � x�a��xa�� �

�
x�
�

xH�Dv QOZ x

�
e�xxa��dx

�Pr w CU� Q�Ov�Qm q�� R�Z ��

�
e�xxa��dx
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xm OyO�t xH�Dv u�� �Pr �OW���t �Qoty � QO �a R� Q�Okt Qy ��Q�

Z ��

�
e�xxa��dx

u�� �Ovm�t h� QaD �Q a �UL Q� �a��D Q�N� p�QoDv� TB �CU� �Qoty a � 
 Qy ��Q�
OwW�t h� QaD Q� R CQwY� w xOW xO�t�v �t�o ���D ����D

��a� �
Z ��

�
e�xxa��dx� �a � 
��

xm s�v���t

���� �
Z ��

�
e�xdx � 	e�xj��� � ��

���a � �� � a��a� �a � 
 Qy ��Q� �hr�� �x��k 	
pwtQi x��k u�� ���n� � n� x�ou� �CU� K�LY OOa l� n� OW�� a � n Qo � ���

�OwW�t xO�t�v ��a� Vy�m

s� Q�O �u�yQ

�hr��

��a� �� �
Z ��

�
e�xxadx

� 	xae�xj��� � a
Z ��

�
e�xxa��dx

� a
Z ��

�
e�xxa��dx

� a��a��
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���

��n � �� � n��n� � n�n	 ����n 	 ��
� n�n	 ���n 	 ����n 	 ��
���

� n�n	 �� � � � �����
� n���

O� Q�o� Q�v QO �Q Q� R p�QoDv� p�L
Z �

�
xm����	 x�n��dx�

xm s�v���t
Q� R ���D �m � � ��Q� w CU� xDUw�B x � 
 QO p�QoDv� Q� R ���D �m � � ��Q� �hr��

�Ovm�t p�t � x� �x� 
 �Dkw p�QoDv�
Q� R ���D �n � � ��Q� w CU� xDUw�B x � � QO p�QoDv� Q� R ���D �n � � ��Q� ���

�Ovm�t p�t � x� �x� � �Dkw �p�QoDv�
p�QoDv� u��Q��v� �CU� xDUw�B � w 
 R� Q�e x� x R� Q�Okt Qy ��Q� p�QoDv� Q� R ���D �G�

�CU� xQU�v �n � � w m � � ��Q�
��yp�QoDv� ���Qoty w OW�� n � � �� m � � xm s�vm�t ZQi p�L
Z �

�

�
xm����	 x�n��dx w

Z �

�

�

xm����	 x�n��dx

�s�vm�t �UQQ� � w 
 QO ��DQD x� �Q
O�yO Q�Qk �
 QO ���Qoty ��Q�

f�x� � xm����	 x�n�� �
��	 x�n��

x��m
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O�vm h� QaD w
F �x� �

�
��	 x���n

�

p�L
lim
x��

f�x�

F �x�
� ��

�ki w Qo � ��va� ��	m � � Qo � �ki w Qo � CU�Qoty 
 QO R �

�

� F �x�dx xm �Hv� R�
xm s� Q�o�t xH�Dv �m � 
 Qo �

Z �

�

�
xm����	 x�n��dx

�m � 
 Qo � �ki w Qo � CU�Qoty 
 QO
O�yO Q�Qk � QO ���Qoty ��Q�

f�x� � xm����	 x�n�� �
xm��

��	 x���n

O�vm h� QaD w
F �x� �

�
��	 x���n

�

p�QoDv� xm O�O u�Wv u�wD�t
Z �

�

�

xm����	 x�n��dx

u��Q��v� �n � 
 Qo � �yvD w Qo � CU�Qoty � QO
Z �

�
xm����	 x�n��dx

w Ovt�v�t �D� ���D �Q u� Cr�L u�� QO w OW�� n � 
 w m � 
 x�oQy CU� �vat ��
OvyO�t V��tv Q� R CQwY�

��m�n� �
Z �

�
xm����	 x�n��dx� �m � 
� n � 
��
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CW�O s�y�wN s�yO Q�Qk x � sin� � q�� p�QoDv� QO x�oQy xm s�v���t

��m�n� � �
Z �

�

�
sin�m�� �� cos�n�� �d��

�OW���t Q� R CQwY� xm OQ�O OwHw �t�o w �D� ���D u�� �tyt �x	��Q

��m�n� �
��m���n�

��m � n�
� �m � 
� n � 
��

�Q u� ��Dm u�� QO xm OwW�t xO�iDU� xv�owO ��yr�QoDv� swyit R� �Q�N� �x	��Q C��F� ��Q�
�s�vm�t C��F jwi �x	��Q R� xO�iDU� �� �Q Q� R �xH�Dv �rw �s�vm�t hPL

��
�
� � �

p
��

�x	��Q QO m � n � �
� ��NDv� ��

��m���n�

��m� n�
� ��m�n�

s� Qw��t CUO�

������	
�

���� � ��
�
� �

�
��

� �
Z �

�

�
cos� � sin� �d�

� ��

������ �
p
� u��Q��v� ����� � � �t�

C�v� QtD

xm O� Qw��� u�vJ �Q ��x� w f�x� ���wD R� �r�Ft �Q� R ��yDr�L R� s�Om Qy QO ��
�OW��v Q�PBp�QoDv� T�rDW��u�t� Q � x� C�Uv �rw OW�� Q�PB p�QoDv� u�t� Q f�x� �hr��
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�OW�� Q�PBp�QoDv� u�t� Q jf�x�j �rw OW��v Q�PBp�QoDv� u�t� Q f�x� ���
T�rDW��u�t� Q ��U�vt ��l� x�C�Uv xm O� Qw��� xDUw�B�v ���Dl� R��r�Ft �hr�� ��

�OW�� Q�PBp�QoDv�
�OW��v Q�PBp�QoDv� u�t� Q xm O� Qw��� xDUw�B�v ���D l� R� �r�Ft ���

u�Wv w O�vm x�U�Lt �wtHt l� OL CQwY� �Q Q� R u�t� Q ��yp�QoDv� R� s�Om Qy ��
xm O�yO

�
 � a � b xm �R ba dx

x
� ln b

a
�hr��

�R ba pxdx � �
��b

�

� 	 a
�

� � ���
xm O�yO u�Wv �
Z �

�
xd��jxj		 x� �

�
� �

O�vm h� QaD Q� R CQwY� �
��	 �wQ �Q f ���D ��

f�x� �

����
���


 
x � RnQ �� x � 

�
n


x � m

n
� Q w �m�n� � �

�

�R �
� f�x�dx � 
 w CU� Q�PBp�QoDv� u�t� Q f xm O�yO u�Wv

xm O�yO u�Wv x�o u� ��a� b	 �wQ f � R��� w inf
x��a�b�

jf�x�j � 
 x�oQy ��
��a� b	 �wQ �

f
� R���

w OW�� Q�PBp�QoDv� u�t� Q �a� b	 �wQ �� w OW�� Q�PBjDWt w �OwaY � O�vm ZQi ��
f � R��� xm O�yO u�Wv CQwYv�� QO �OW�� �a� b	 Q� Q�Ov�Qm �k�kL ���D f O�vm ZQi

Cr�L u�� QO �OW�� Q�PBp�QoDv� u�t� Q f�� Qo � �yvD w Qo �
Z b

a
fd� �

Z b

a
f�x����x�dx�

Q�PBp�QoDv� f #�twRr �OW�� Q�PBp�QoDv� u�t� Q jf j x�oQy xm O�yO u�Wv p�Ft l� �� ��
�OW���tv
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� �f�x� �

����
���
x 
x � Q
	x 
x � RnQ

�� f�x� �

����
���

� 
x � Q
	� 
x � RnQ

����tvy�Q	

�� xOW h� QaD f xm O�yO u�Wv �	

f�x� �

����
���

�
�n 
 �

�n�� � x 
 �
�n � n � 
����� � � �


 
x � 


�OW���t �oDUw�B�v �x	kv �y�vDt�v O�OaD ��Q�O xJQo � CU� Q�PBp�QoDv� u�t� Q �
��	 QO
��CU� Q�PBp�QoDv� �Pr w CU� �OwaY �wvm� Qw	� w Q�Ov�Qm f ����tvy�Q	

xm O�yO u�Wv x�ou� �OvW�� Q�PBp�QoDv� u�t� Q �a� b	 �wQ g w f ���wD x�oQy ��


max
x��a�b�

ff�x�� g�x�g

w
min
x��a�b�

ff�x�� g�x�g

�OvQ�PBp�QoDv� �a� b	 �wQ R�v
Ovm�t ��H�� R ba fd� � 
 x�ou� �f�x� � 
 ��a� b	 �wQ x�oQy xm O�vm C��F ���

�f�x� � 
 ��a� b	 �wQ �� a � b �� xm
l� ��Q� RH� �f�x� � g�x� ��a� b	 �wQ w OW�� Q�PBp�QoDv� u�t� Q f x�oQy ���

x�ou� �"�kv R� �Q�tW �xawtHt
Z b

a
f�x�dx �

Z b

a
g�x�dx�

xm �Qw	� OvW�� �D�Ft �k�kL O�Oa� q� p s�vm ZQi ���

�
p
�

�
q
� ��

http://math75.ir


��� T�rDW�
u�t� Q p�QoDv� ��

�O�vm C��F �Q Q� R s�mL�
x�ou� �v � 
 w u � 
 x�oQy �hr��

uv 
 up

p
�
vq

q
�

�up � vq Qo � �ki w Qo � CU� Q�QkQ� �w�UD
w �g � 
 �f � 
 �g � R��� w f � R��� x�oQy ���
Z b

a
fpd� � � �

Z b

a
gqd��

x�ou�Z b

a
fgd� 
 ��

x�ou� �OvW�� R��� QO �	rDNt ���wD g w f x�oQy �G�
					
Z b

a
fgd�

					 
 f
Z b

a
jf jpd�g �

pf
Z b

a
jgjqd�g �

q �

RDQ�wW��Wm �w�Ut�v �Q u� �p � q � � �Dkw #qwtat �Ovt�v�t QOrwy �w�Ut�v �Q u��
�Ovv�wN�t

O�vm C��F �OW�� wQ� w xDUw�B ��OwaY #�O�m � f � �a� b	� ��� �	 s�vm ZQi ��

Z b

a
f�x�dx�

Z �

�
f���t�dt � b� 	 a��

�x� y � �a� b	 Qy ��Q� xm OW�� �a� b	 �wQ Q�PBp�QoDv� �a��D f s�vm ZQi ���

f�x� y� � f�x� � f�y��

�f�x� � cx xm OQ�O OwHw ��c O�vm C��F
O�vm ��UL �Q Q� R T�rDW��u�t� Q ��yp�QoDv� ���

�R �
�� xd�jxj� �x	� �hr��

http://math75.ir


���� Q R�r�v� ���

�R �
� d�x

� � sinx� ���
�R ��� cosxd�j sin xj� �G�

OW�� xDUw�B x � �a� b	 �x	kv QO w OW�� u�t� Q Q�PBp�QoDv� �a� b	 �wQ f x�oQy ���
xm O�yO u�Wv

lim
h��

�
h

Z h

�
jf�x� t�	 f�x�jdt � 


�OW�� �a� b	 Q� Q�PBkDWt xDUw�B Qw� x� w �k�kL ���D l� f O�vm ZQi ���
�f�a� � f�b� � 
Z b

a
f��x�dx � ��

O�vm C��FZ b

a
xf�x�f ��x�dx � 	�

�
wZ b

a
�f ��x�	�dx�

Z b

a
x�f��x�dx �

�

 �

O�vm h� QaD �� � s � �� ��R�x� ��	

��s� �
�X
n��

�
ns

��OQ�O �O�� R C�ty� pw� O�Oa� �� RwD �UQQ� QO xm CU� u�t� Q ��DR ���D u���
�O�vm C��F

���s� � s
R��
�

�x�
xs��dx �hr��

��s� � s

s�� 	 s
R��
�

x��x�
xs�� dx ���

Qy ��Q� x�oQy �OW�� c � 
 w �ivt Q�e w xDUw�B �a� b	 �wQ f s�vm ZQi ��

s�W�� xDW�O x � �a� b	

f�x� 
 c
Z x

a
f�t�dt

�CU� QiY C��F ���D ��a� b	 �wQ f xm O�vm C��F

http://math75.ir




���wD ��y�QU w �yxr��vO

CN�wvm� ���Qoty ��

xm OW�� �k�kL ���wD R� ��xr��vO ffng w x�wNrO ��xawtHt X s�vm ZQi �h� QaD
O�Oa� R� ��xr��vO ffn�x�g �x � X Qy ��Q� x�ou� �Ov�xOW h� QaD X �wQ l� Qy

�Ow� Oy�wN �k�kL
Qy ��Q� x�oQy OwW�t xO�t�v f ���D x� ��x�kv ���Qoty ���wD R� ffng �xr��vO

�x � X Qy ��Q� �xmv�� �va�  OW�� �Qoty f�x� x� ffn�x�g �xr��vO �x � X

lim
n�� fn�x� � f�x��

s�U� wv�t Cr�L u�� QO
fn

p	� f�

�QU x�ou� �OW�� �Qoty f�x� x� P�
n�� fn�x� �x � X Qy ��Q� x�oQy �x��Wt Qw	�

OvyO�t V��tv Q� R CQwY� �Q u� w OwW�t xO�t�v f ���D x� ��x�kv ��Qoty P�
n�� fn

�X
n��

fn�x� � f�x�� �x � X��

��	

http://math75.ir


���� Q R�r�v� �



�xr��vO l� OL ��� �p�Ft ��Q� � OW���t KQ� p��k �a��� Qw� x� p�w
U OvJ �Hv�� QO
� R� ��x	kv ��Qoty

&CU� xDUw�B �xDUw�B ���wD �hr��
&CU� Q�PBjDWt �Q� R jDWt ���wD ���
&CU� Q�PBp�QoDv� �Q�PBp�QoDv� ���wD �G�

x� �r	t uOW uWwQ ��Q� xm �CU� �ivt �rm Cr�L QO Cq�w
U u�� ��wH
�O�vm xHwD Q� R ��yp�Ft

xm ffng �xr��vO �hr�� ��yr�Ft �

fn�x� �

����
���

�	 nx� 
x � �
� �p
n
	


 
x � � �p
n
��	

�CU�v u�vJ u�� OL ���D �t� �CU� xDUw�B xr��vO R� xrtH Qy �CU�Qoty

�

�

�

f� f� f� f�

�
�

�p
�

�p
� �
ssss

���pmW

http://math75.ir


�
� 	��wD ��y�QU w �yxr��vO ��

x�ou� �OW�� xr��vO u�� OL f�x� x�oQy

f�x� � lim
n�� fn�x� � 
 � �x �� 
��

�Pr w f�
� � 
 �iQ� R� �fn�
� � � �n Qy ��Q� �t�

lim
x��

lim
n�� fn�x� �� lim

n�� lim
x��

fn�x��

�CU� xDUw�B�v x � 
 QO Kw�w� f�x�

�

�

c

s

s
���pmW

xm ffng �xr��vO ��Q� ���

fn�x� � nx��	 x��n� x � �
��	� n � N�

�CU�v OL p�QoDv� Q��Q� �yp�QoDv� OL
�
 � x 
 � ��Q�

lim
n�� fn�x� � 
�

u��Q��v� �fn�
� � 
 �n Qy ��Q� �x � 
 QO

lim
n�� fn�
� � 
�

http://math75.ir


���� Q R�r�v� �
�

OL ���D �Pr
f�x� � lim

n�� fn�x� � 
 � x � �
��	�

xH�Dv QOZ �

�
f�x�dx � 
�

�t�Z �

�
fn�x�dx �

Z �

�
nx��	 x��ndx �

n

�n� � �
�

� � �
n

u��Q��v�
lim
n��

Z �

�
fn�x� � lim

n��
�

� � �
n

�
�
� �

�Pr w
lim
n��

Z �

�
fn�x�dx ��

Z �

�
f�x�dx

O� Q�o� Q�v QO Q� R CQwY� �Q ffng �xr��vO �G�

fn�x� �
sinnxp

n
� x � R�

s� Q�O x � R ��Q� �Q� R �CU�v Q��Q� OL �jDWt �� jDWt OL �xr��vO u�� ��Q�

f�x� � lim
n�� fn�x� � 
�

�t� �f ��
� � 
 �Pr w f ��x� � 
 xH�Dv QO

f �n�x� �
p
n cosnx�

u��Q��v�
f �n�
� �

p
n����Dkw n���


 �ffn�x�g OL jDWt xm �r�L QO CU�Qo �w ff �n�x�g �xr��vO �x � 
 QO xH�Dv QO
�CU�

http://math75.ir


�
� 	��wD ��y�QU w �yxr��vO ��

�Qoty f�x� ���D x� x � �
��	 ��Q� w fn�x� � xn 	 xn�� xm P�
n�� fn �QU �O�

QO �CU� xDUw�B�v x � � QO f�x� �t� CU� xDUw�B �QU R� fn�x� �xrtH Qy �CU�
�n � N Qy ��Q� �Hv��

lim
x��

fn�x� � 
�

u�vJty

f�x� �

����
���
x 
x �� �

 
x � �

�CU� xDUw�B�v f u��Q��v�
x� xm �OwW�t ���wD ��yxr��vO ��Q� ���Qoty R� �O�OH �wv h� QaD ��U q�� ��yr�Ft
R� �Ovm �iL �Q ���wD R� �tyt X�wN w OW�� ��x	kv ��Qoty R� QD� wk O��� �a��� Qw�
pmW x� w OwW�t xO�t�v CN�wvm� ���Qoty ����Qoty �wv u�� � � � � w �oDUw�B xrtH

�OwW�t h� QaD Q� R

h� QaD X �xawtHt l� �wQ s�Om Qy xm ��k�kL ���wD R� ffng xr��vO �h� QaD �
n� � N �� � 
 Qy ��Q� x�oQy CU�Qoty f ���D x� CN�wvm� Qw�� X �wQ �Ov�xOW

xm OW�� OwHwt u�vJ

jfn�x�	 f�x�j � �� n � n�� x � X� ���

�fn u	� f s�U� wv�t Cr�L u�� QO

w �� � 
 Qy ��Q� x�ou� �OW�� ��x	kv ��Qoty f x� X �wQ ffng x�oQy �xQY�D �
��� �n � n� ��Q� xm CU� OwHwt u�vJ �x w � x� xDU��w �n� � N �x � X Qy ��Q�
CU� Q�QkQ� ��� xm s� Qw��t CUO� �Dw�iDt n� �Cw�iDt x � X ��Q� �OW���t Q�QkQ�
�t� �OW�� Q�QkQ� x � X Qy ��Q� ��� xm s�vm ��NDv� n� l� xm CU�v Q�PBu�mt� u�� w

http://math75.ir


���� Q R�r�v� �



�ki ��n� �� � 
 Qy ��Q� x�ou� �OW�� CN�wvm� ��Qoty f x� X �wQ ffng Qo �
�OW���t Q�QkQ� ��� �x � X Qy ��Q� xm CU� OwHwt u�vJ � x� xDU��w

�CU� ��x	kv ��Qoty Kw�w� ����wD R� �Qoty CN�wvm� Qw	� �xr��vO Qy u��Q��v�
Oy�wN xO�O K��wD �Oa� ��yr�Ft QO u�� w CU�v CUQO xW�ty �r	t u�� Tma �t�
x��Q� �Q �Qoty CN�wvm� Qw	� ���wD R� �Ov�xDUO l� ��yp�Ft x��Q� R� p�k ��OD�� �OW

�s�yO�t

�X �xawtHt �wQ xOW h� QaD �k�kL ���wD R� ffng �xr��vO ���WmlLt� x��k 	
�� x� xDU��w �ki� n� � N �� � 
 Qy ��Q� Qo � �yvD w Qo � CU�Qoty CN�wvm� Qw	�

xm OW�� OwHwt u�vJ

jfn�x�	 fm�x�j � � ��n�m � n���x � X�

s�vm ZQi �OW�� �Qoty f ���D x� CN�wvm� Qw	� X �wQ ffng s�vm ZQi �u�yQ

xm CU� OwHwt u�vJ n� � N x�ou� �OW�� xOW xO�O � � 


jfn�x�	 f�x�j � �

� �n � n���x � X�

x�ou� �OW�� x � X w n�m � n� s�vm ZQi

jfn�x�	 fm�x�j 
 jfn�x�	 f�x�j� jfm�x�	 f�x�j
�

�

� �
�

� � ��

ffn�x�g �x � X Qy ��Q� u��Q��v� �OW�� Q�QkQ� xOW xO�O "QW s�vm ZQi  TmaQ�
�x � X Qy ��Q� xH�Dv QO �CU� pt�m R xm �Hv� R� �CU� R QO �Wm ��xr��vO
�CU� ��x	kv ��Qoty f x� ffng �Pr w CU�Qoty f�x� Ovv�t �Q�Okt x� ffn�x�g

�CU� CN�wvm� ����Qoty xm s�yO u�Wv CU� �i�m �ki

http://math75.ir


�
� 	��wD ��y�QU w �yxr��vO ��

n� � N ZQi x��v� x�ou� �OW�� xOW xO�O � � 
 s�vm ZQi �Qw�vt u�� ��Q�
xm CU� OwHwt u�vJ �� x� xDU��w �ki�

jfn�x�	 fm�x�j � � �n�m � n���x � X�

CW�O s�y�wN CQwYv�� QO �m�� w OW�� C��F n s�vm ZQi

jfn�x�	 f�x�j � � �n � n���x � X�

� �Ovm�t pt�m �Q u�yQ� u�� w

�Ov�xOW h� QaD X �xawtHt �wQ l� Qy xm ��k�kL ���wD R� P fn �QU �x��k �
xDU��w �ki� n� � N �� � 
 Qy ��Q� Qo � �yvD w Qo � CU�Qoty CN�wvm� Qw	� X �wQ

CU� OwHwt u�vJ �� x�

jfn���x�� fn���x�� � � �� fn�m�x�j � � �n � n���m � ���x � X

� �u� QtD u�wva� �u�yQ


�� xOW h� QaD ffng �xr��vO xm O�yO u�Wv �hr�� ��yr�Ft �

fn�x� � tan��nx � x � 


CN�wvm� ��Qoty �
� b	 QO w CU�Qoty CN�wvm� Qw	� �a � 
 ��a� b	 �xR�� Qy QO
��OW���t ��x	kv ��Qoty �t�� CU�v

OW���t Q� R CQwY� ffng R� f ��x	kv OL Cr�L u�� QO

f�x� � lim
n�� fn�x� �

����
���

�

� 
x � 


 
x � 


�

http://math75.ir


���� Q R�r�v� �
�

�x � 
 ��Q� x�ou� �OW�� xOW xO�O � � 
 s�vm ZQi

jfn�x�	 f�x�j � jtan��nx	 �

� j � �

�n � cot �
x

��va�  cot��nx � � x�oQy
�CU� cot �

a
u� st� Rm �t Q�Okt w Ovm�t pwRv x �� cot �

x
p�L

�x � �a� b	 Qy ��Q� x�ou� � n� � cot �
a
xm O�vm ��NDv� u�vJ �Q n� K�LY OOa

jfn�x�	 f�x�j � � �n � n��

cot �
x
� � �x � 
 �Dkw �t� �CU� CN�wvm� ��Qoty �a� b	 QO ffng �u��Q��v�

xm OQ�Ov OwHw ��n� I�y Cr�L u�� QO �Pr

jfn�x�	 f�x�j � � �n � n��

�CU�v CN�wvm� ��Qoty �
� b	 QO xr��vO xH�Dv QO
�� xOW h� QaD ffng �xr��vO ���

fn�x� �
nx

� � n�x�

��OW���t ��x	kv ��Qoty �t�� CU�v CN�wvm� ��Qoty 
 �w�L �a� b	 �xR�� I�y QO
xm CU� f x� ��x	kv ��Qoty xr��vO

f�x� � 
 �x � R�

�xOW xO�O � � 
 ��Q� x�ou� �OW�� CN�wvm� ��Qoty �a� b	 �xR�� Qy QO ffng x�oQy
� x � �a� b	 Qy ��Q� xm CU� OwHwt u�vJ n� K�LY OOa

j nx

� � n�x�
j � � �n � n��

http://math75.ir


�
� 	��wD ��y�QU w �yxr��vO ��

� �
m
� �a� b	 xm O�vm ��NDv� u�vJ �Q m � n� K�LY OOa �O�vm ��NDv� � � �

�

x�ou� s�vm ��NDv� x � �
m

w n � m x�oQy
nx

� � n�x�
�

�
� � ��

�
m
� 
 �t� �CU�v CN�wvm� ��Qoty CU� �

m
�w�L xm ��xR�� QO xr��vO u��Q��v�

�CU�v CN�wvm� ��Qoty 
 �w�L �xR�� QO ffng �Pr w m�� �Dkw
xm P fn �QU �G�

Sn�x� � f��x� � f��x� � � � �� fn�x� � nxe�nx
�

�CU�v CN�wvm� �rw CUy ��x	kv ��Qoty �k � 
 ��
� k	 �xR�� Qy �wQ
OW���t Q� R CQwY� ��x	kv �tH w CU� ��x	kv ��Qoty �QU

S�x� � lim
n��Sn�x� � 
 �x � 
�

OOa xOW xO�O � � 
 ��Q� x�ou� �OW�� CN�wvm� ��Qoty �
� k	 �wQ �QU x�oQy
x � 
 Qy ��Q� xm CU� OwHwt u�vJ n� K�LY

jSn�x�	 S�x�j � nxe�nx
�

� �� �n � n��

w x � �p
n�

��Q� x�ou� �OW�� e��� w n� R� QDoQR� �L�LY OOa n� s�vm ZQi
s� Q�O n � n�p

n�

e
� � �� n� � e���

�CU� Zk�vD l� u�� w

�wQ xm OW�� �k�kL ���wD R� ��x	kv ��Qoty �xr��vO ffng s�vm ZQi �x��k �
w Ov�xOW h� QaD X �xawtHt

lim
n�� fn�x� � f�x�� x � X�

http://math75.ir


���� Q R�r�v� �
�

O�yO Q�Qk w
Mn � sup

x�X
jfn�x�	 f�x�j�

�n�� �Dkw Mn � 
 Qo � �yvD w Qo � X �wQ fn u	� f x�ou�

� � 
 ��Q� u��Q��v� �OW�� CN�wvm� ��Qoty f x� X �wQ fn s�vm ZQi �u�yQ

xm CU� OwHwt u�vJ n� � N �xOW xO�O

jfn�x�	 f�x�j � ���n � n���x � X�

xH�Dv QO

Mn � sup
x�X

jfn�x�	 f�x�j 
 �� �n � n��

�n�� �Dkw Mn � 
 �Pr w
�xOW xO�O � � 
 ��Q� x�ou� �n�� �Dkw Mn � 
 s�vm ZQi  TmaQ�

xm CU� OwHwt u�vJ n� � N

Mn � sup
x�X

jfn�x�	 f�x�j � �� �n � n��

u��Q��v�
jfn�x�	 f�x�j � �� �n � n���x � X

� �CU� CN�wvm� ��Qoty f x� ffng �Pr w

T�QDW�Q��w CUD�M �	

��Qoty X �wQ �k�kL ���wD R� P fn �QU ��T�QDW�Q��w CUD�M � x��k �
OW�� OwHwt u�vJ C�Ft O�Oa� R� PMn ��Qoty �QU x�oQy CU� �jr	t w� CN�wvm�

xm
jfn�x�j 
Mn � �n�N � �x � X�

http://math75.ir


�
	 	��wD ��y�QU w �yxr��vO ��

OOa �CU�Qoty P
Mn xm �Hv� R� �OW�� xOW xO�O � � 
 s�vm ZQi �u�yQ


xm CU� OwHwt u�vJ n� K�LY

jMn�� �Mn�� � � � ��Mn�mj � ���n � n���m � ��

x�ou� �OW�� m � � w n � n� �x � X s�vm ZQi

jfn���x� � fn���x� � � � �� fn�m�x�j

 jfn���x�j� jfn���x�j� � � �� jfn�m�x�j

Mn�� �Mn�� � � � ��Mn�m

� ��

�Ovm�t pt�m �Q u�yQ� u�� w OW���t jr	t w CN�wvm� ��Qoty X �wQ P fn xH�Dv QO
�

xm ffng �xr��vO xm O�yO u�Wv �hr�� ��yr�Ft �

fn�x� � nxe�nx
�

� x � 


�CU�v CN�wvm� ��Qoty �a � 
 xm ��
� a	 �wQ
�x � 
 Qy ��Q� �Cr�L u�� QO

f�x� � lim
n�� fn�x� � 
�

�OW���t
q

n
�e Q��Q� st� Rm �t Q�Okt u�� w OQ�o�t x � �p

�n
QO �Q OwN st� Rm �t Q�Okt fn

�t�

Mn � sup
x����a�

jfn�x�	 f�x�j

� sup
x����a�

nxe�nx
�

�

r
n

�e ��� �Dkw n���
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�CU�v CN�wvm� ��Qoty �
� a	 QO ffng �Pr w Mn �� 
 �n�� �Dkw u��Q��v�
xm ffng �xr��vO xm O�yO u�Wv ���

fn�x� �
nx

� � n�x�

�CU�v CN�wvm� ��Qoty 
 �w�L �xR�� Qy QO
Cr�L u�� QO

lim
n�� fn�x� � 
 �x�

�rw �CU� �
� Q��Q� u� Q�Okt st� Rm �t w OQ�o�t �Q OwN st� Rm �t Q�Okt x � �

n
QO fn

p�L �OW�� 
 �w�L xm O� Q�o� Q�v QO u�vJ �Q �a� b	 �xR�� �n�� �Dkw �
n
� 


Mn � sup
x��a�b�

jfn�x�	 f�x�j

� sup
x��a�b�

j nx

� � n�x�
j

�
�
� ��� �Dkw n���

�CU�v CN�wvm� ��Qoty �a� b	 QO ffng u��Q��v�
�� xOW h� QaD ffng xm O�yO u�Wv �G�

fn�x� �
x

� � nx�
� x � R

�CU� CN�wvm� ��Qoty xDU� �xR�� Qy �wQ
Cr�L u�� QO

f�x� � lim
n�� fn�x� � 
 �x � R�

u��Q��v� �OW���t x � �p
n

QO �
�
p
n
st� Rm �t Q�Okt ��Q�O f�x�

Mn � sup jfn�x�	 f�x�j � sup j x

� � nx�
j

�
�

�pn � 
 �Dkw n���

�CU� CN�wvm� ��Qoty xr��vO xH�Dv QO
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�oDUw�B w CN�wvm� ��Qoty �


f OL x� xm OW�� �a� b	 �wQ xDUw�B �k�kL ���wD R� ��xr��vO ffng x�oQy �x��k �
�c � �a� b	 ��Q� ��va� �OW���t xDUw�B �a� b	 �wQ f x�ou� CU� CN�wvm� ��Qoty

lim
x�c

� lim
n�� fn�x�� � lim

n���limx�c
fn�x���

�xOW xO�O � � 
 ��Q� �CU� CN�wvm� ��Qoty f x� ffng xm �Hv� R� �u�yQ

xm CU� OwHwt u�vJ �� x� xDU��w �ki �n� � N

jfn����x�	 f�x�j � �

� � �x � �a� b	�

�CU� xDUw�B c QO fn �n Qy ��Q� xm �Hv� R� �O�vm ��NDv� x�wNrO x� �Q c � �a� b	 �x	kv
x � �c	 �� c� �� ��Q� xm CU� OwHwt u�vJ � � 
 �Pr

jfn����x�	 fn����c�j � �

� �

s� Q�O x � �c	 �� c� �� ��Q� p�L

jf�x�	 f�c�j 
 jf�x�	 fn����x�j� jfn����x�	 fn����c�j
�jfn����c�	 f�c�j
�

�

� �
�

� �
�

�
� ��

� �Ovm�t pt�m �Q u�yQ� u��
QO �xDUw�B ���wD R� ��xr��vO CU� umtt ��va�  CU�v CUQO �r	t u�� Tma

�xr��vO �p�Ft u�wva� �OwW� �Qoty ��xDUw�B ���D x� �uOw�v CN�wvm� ��Qoty u�a

fn�x� � n�x��	 x��n

 
 x 
 �� n � N�
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OwHw �Dr�L �t� ��O� Q�� Q�m x� �Q � VN� � �x��k u� C��F� ��Q�� CU� xvwtv u�� R�
�O�O smL q�� �x��k Tma x� u�wD�t u� QO xm OQ�O
w OW�� xOQWi K s�vm ZQi ����v�O� x��k �

�OW�� K Q� xDUw�B ���wD R� ��xr��vO ffng �hr��
�OW�� �Qoty K Q� f uwJ ��xDUw�B ���D x� ��x	kv Qw	� ffng ���

�fn�x� � fn���x� �n � N w x � K Qy ��R�x� �G�
�K Q� fn u	� f �CQwYv�� QO

�gn � gn�� w gn p	� 
 w CU� xDUw�B gn TB �gn � fn	f O�yO Q�Qk �u�yQ

�K Q� CN�wvm� Qw	� gn � 
 s�vm C��F O���

O�yO Q�Qk �OW�� xOW xO�O � � 
 s�vm ZQi

Kn � fx � K � gn�x� � �g�

CU� xOQWi K w Kn � K uwJ �iQ� R� �OW���t xDU� Kn �CU� xDUw�B gn uwJ
s� Q�O �gn � gn�� uwJ w �� pYi 
 VN� 	 �x��k� Ow� Oy�wN xOQWi Kn TB
Qo � xm s�v���t �gn�x�� 
 xm �Hv� R� �s� Q�o�t C��F �Q x � K �Kn � Kn��

�CU� �yD �Kn Qo�O CQ��a� �x �� �Kn �Pr �x �� Kn �OW�� nQR� �i�m QOk� n
xH�Dv u�� R� ��� pYi 
 VN� �
 �x��k� Ow� Oy�wN �yD Kn� ���n� ��R�x� TB
C��F �Q x��k u�� �
 
 gn�x� � � �n � n� Qy w x � K Qy ��Q� xm OwW�t

� �Ovm�t
x�oQy �#qFt �CU� sRq #�ak�w �oOQWi �jwi �x��k QO xm s�vm xHwD

fn�x� �
�

nx� � �
 � x � � � n � ������ � � �

�Ow� Oy�wNv CN�wvm� ���Qoty �t� ��
��� ��x	kv Qw	� fn�x�� 
 x�ou�
�� Dini
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w �k�kL ���wD �xty �xawtHt C�X� w l� QDt ����i X s�vm ZQi �h� QaD �
u� �wQ xDUw�B ���D Qy OW�� xOQWi X Qo � xm s�vm xHwD� OW�� X �wQ Q�Ov�Qm w xDUw�B
�k�kL �xDUw�B ���wD �xty �xawtHt C�X� w OW���t O��R uOw� Q�Ov�Qm "QW w CU� Q�Ov�Qm
f� g � A Qy ��R�x� x�oQy Ovt�v Q	H l� �Q C�X� R� A �xawtHt Q� R ��CU� X �wQ

�� � R w
�f� f � g� fg � A�

"QW w �rDNt Q�O�kt �� ���wD xm �DQwY QO �Ovt�v�t �k�kL Q	H �Q A Cr�L u�� QO
�OW���t �rDNt Q�H l� A x�ou� �OW�� Q�QkQ� f � A Qy w � � C Qy ��Q� swU

�wQ VvOw� Q�Ov�Qm Q��N x� f � C�X� Qy x� w CU� Q�H l� C�X� u��Q��v�
O�O C�Uv �Q Q� R sQv st� QB wU u�wD�t X

jjf jj � sup
x�X

jf�x�j � ���

�OW���t Q� R syt C�Y�N xU ��Q�O sQv u��
�jjf � gjj 
 jjf jj� jjgjj �hr��

�jj�f jj � j�jjjf jj ���
�jjfgjj 
 jjf jjjjgjj �G�

x� C�X� �wQ �Q d QDt u�wD�t w OwW�t Q�OtQv ���i l� C�X� ��DQD u�O�
OQm h� QaD Q� R CQwY

d�f� g� � jjf 	 gjj� f� g � C�X��

�ki w Qo � CU�Qoty f x� CN�wvm� Qw	� X Q� ffng xr��vO �� VN� � �x��k Q��v� �Pr
�xr��vO �C�X�� d�l� QDt ���i QO xH�Dv QO �OW�� �Qoty QiY x� fjjfn	 f jjg Qo �
�OW�� �Qoty f x� CN�wvm� Qw	� X Q� ffng Qo � �ki w Qo � CU�Qoty f x� ffng

�OQm KQ	t �Q Q� R �x��k u�wD�t x	��Q u�� QO

�CU� pt�m l� QDt ���i l� jwi QDt �� C�X� ���i �x��k �
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xO�O � � 
 ��Q� �Pr �OW�� C�X� QO �Wm �xr��vO l� ffng s�vm ZQi �u�yQ

xm CU� OwHwt u�vJ ��n� � N �xOW

jjfn 	 fmjj � � �m�n � n��

CN�wvm� Qw	� u�x� ffng xm CUy X �wQ f Ovv�t �a��D ��Wm lLt x��v� xH�Dv QO
�Q� R �CU� Q�Ov�Qm f �xwqa� �OW���t xDUw�B f �VN� u�ty � �x��k Q��v� �CU�Qoty

�OW���t Q�Ov�Qm fn w jf�x�	 fn�x�j � � �x � X Qy ��R�x� xm CUy ��n xm
�n�� �Dkw TB �X Q� fn u	� f uwJ w f � C�X� u��Q��v�

jjfn 	 f jj � 
��

xrtH x� xrtH �Q�op�QoDv� ��

�a� b	 �wQ ffng w OW�� Q�PBp�QoDv� u�t� Q fn �n � N Qy ��Q� x�oQy �x��k �
w CU� Q�PBp�QoDv� u�t� Q �a� b	 �wQ f x�ou� �OW�� �Qoty f x� CN�wvm� Qw	�

Z b

a
fdx � lim

n��

Z b

a
fndx�

xm O�vm ��NDv� u�vJ �Q � � 
 �OW�� xOW xO�O � � 
 s�vm ZQi �u�yQ


��b	 a� �
�

� �

�x � �a� b	 Qy ��Q� xm CU� OwHwt u�vJ n� � N ��a� b	 �wQ fn u	� f xm �Hv� R�

jfn��x�	 f�x�j � ��

�va�
fn��x�	 � � f�x� � fn��x� � ��
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xm CU� OwHwt u�vJ �a� b	 R� � R�Qi� �CU� Q�PBp�QoDv� u�t� Q fn� xm �Hv� R�

U��� fn��	 L��� fn�� �
�

� �

�f�x� � fn��x� � � xm �Hv� R�

U��� f� � U��� fn�� �
�

�
s� Q�O �f�x� � fn��x�	 � xm �Hv� R� w

L��� f� � L��� fn��	
�

� �

u��Q��v�

U��� f�	 L��� f� � U��� fn��	 L��� fn�� �
�

� �
�

�
�

�

� �
�

� �
�

� � ��

�CU� Q�PBp�QoDv� u�t� Q f xm OyO�t u�Wv u��
OwHwt u�vJ n� � N �Pr �OW���t �a� b	 �wQ CN�wvm� ��Qoty f x� ffng uwJ p�L

�x � �a� b	 w n � n� ��Q� xm CU�

jfn�x�	 f�x�j � �

b	 a
�

�n � n� ��Q� xH�Dv QO					
Z b

a
fdx	

Z b

a
fndx

					 �
					
Z b

a
�f 	 fn�dx

					


Z b

a
jf�x�	 fn�x�jdx

�
�

b	 a
��b	 a�

� �

� �Ovm�t pt�m �Q u�yQ� u�� w
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x�oQy w OW�� Q�PBp�QoDv� u�t� Q �a� b	 �wQ fn x�oQy �xH�Dv �

f�x� �
�X
n��

fn�x�

w CU� Q�PBp�QoDv� u�t� Q �a� b	 �wQ f x�ou� ��a� b	 �wQ CN�wvm� Qw	�
Z b

a
fdx �

�X
n��

Z b

a
fndx�

��Qoty f x� �a� b	 �wQ ffng x�oQy w fn � R��� Qy x�oQy �hr�� �xH�Dv �
w f � R��� x�ou� �OW�� CN�wvm�

Z b

a
fd� � lim

n��

Z b

a
fnd��

w fn � R��� x�oQy ���

f�x� �
�X
n��

fn�x�

w f � R��� x�ou� ��a� b	 �wQ CN�wvm� Qw	�
Z b

a
fd� �

�X
n��

Z b

a
fnd��

xrtH x� xrtH �Q�ojDWt �


xm OW�� �a� b	 �wQ Q�PBjDWt �k�kL ���wD R� ��xr��vO ffng x�oQy �x��k �
�CU�Qoty ffn�c�g �c � �a� b	 Ovv�t ��x	kv QO �hr��

�CU�Qoty CN�wvm� Qw	� �a� b	 �wQ ff �ng ���
�x � �a� b	 Qy ��Q� w CU� CN�wvm� ��Qoty �a� b	 �wQ ffng x�ou�

f ��x� � lim
n�� f �n�x��
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�wQ f �n w CU�Qoty ffn�c�g xm �Hv� R� �OW�� xOW xO�O � � 
 s�vm ZQi �u�yQ

�n�m � n� ��Q� xm OW���t OwHwt u�vJ n� � N �CU� CN�wvm� ��Qoty �a� b	

jfn�c�	 fm�c�j � �

�
w

jf �n�x�	 f �m�x�j �
�

��b	 a�
� x � �a� b	�

�x� t	 � �a� b	 �xR�� Qy QO fn	fm ���D ��Q� �Q Sv�Qo q u�ov��t Q�Okt �x��k s�v�wD�t p�L
xm CU� OwHwt u�vJ � � �x� t� �x	kv u��Q��v� �s� Q�� Q�m x�

j�fn�x�	 fm�x�		 �fn�t�	 fm�t�	j � jx	 tjjf �n���	 f �m���j
���

� jx	 tj �

��b	 a�

� �b	 a��
�

��b	 a�
�

�

�
�jx	 tj � �b	 a� xm �Q� R

�n�m � n� w x � �a� b	 ��Q� p�L

jfn�x�	 fm�x�j 
j�fn�x�	 fm�x�		 �fn�c�	 fm�c�	j
� jfn�c�	 fm�c�j

�
�

� �
�

� � ��

s�vm ZQi �CU�Qoty �a� b	 �wQ CN�wvm� Qw	� ffng u��Q��v�

lim
n�� fn�x� � f�x�� x � �a� b	�

O�yO Q�Qk t �� x �� t � �a� b	 ��Q� w xOQm ��NDv� x�wNrO x� �Q x � �a� b	

Fn�t� �
fn�t�	 fn�x�

t	 x
� F �t� �

f�t�	 f�x�

t	 x
� ���
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p�L
lim
t�x Fn�t� � f �n�x�

xm OyO�t xH�Dv ��� R� u�� w

jFn�t�	 Fm�t�j � �

��b	 a�
� n�m � n��

��Qoty f x� ffng xm �Hv� R� w CU� CN�wvm� ��Qoty fFng �t �� x ��Q� �Pr
xm OyO�t xH�Dv ��� R� u�� �OW���t CN�wvm�

lim
n��Fn�t� � F �t��

p�L

f ��x� � lim
t�x

F �t� � lim
t�x

� lim
n�� Fn�t��

� lim
n���limt�x

Fn�t��

� lim
n�� f �n�x�

� �Ovm�t pt�m �Q u�yQ� u�� w

Q�PBjDWt x	kv I�y QO xm CUy �k�kL �N Q� xDUw�B w �k�kL �a��D �x��k �
�CU�v

s�vm�t h� QaD �u�yQ


��x� � jxj �	� 
 x 
 ��

uO�O Q�Qk �� w
��x� �� � ��x��
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t� s Qy ��R�x� �CQwYv�� QO �s�yO�t s�taD �k�kL ��yx s�tD x� �Q ��x� h� QaD
s� Q�O

j��s�	 ��t�j 
 js	 tj �
�

�

�
�
�
��
�
��
�
��
�
��
�
��
�
�

	� 	� 	� � � �

��x��

��� pmW

s�vm�t h� QaD �CU� xDUw�B R Q� � �xS� w�

f�x� �
�X
n��

�
�

�

n��
nx�� ���

Qw	� R Q� ��� �QU xm OyO�t u�Wv T�QDW�Q��w CUD�M �x��k �
 
 � 
 � uwJ
�Ow� Oy�wN xDUw�B R Q� f �� VN� � �x��k x��v� w CU�Qoty CN�wvm�

s�yO�t Q�Qk �s� Q�o�t C��F �Q m C�Ft w K�LY OOa w x �k�kL OOa p�L

�m � ��
� � 
�m


m�x� �m� w 
mx u�� �L�LY OOa I�y xm OwW�t Q��DN� �Qw� Ctqa u� QO xm
�OQ�ov Q�Qk

s�vm�t h� QaD �CU� Q�PBu�mt� �
mj�mj � �
� xm p�rO u�� x� �pta u��

	n �
��
n�x� �m��	 ��
nx�

�m
�
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��H�� �
� �
 
 n 
 m xm �v�tR �	n � 
 TB  CU� GwR 
n�m �n � m �Dkw
�j	nj 
 
n xm Ovm�t

xm CiQo s�y�wN xH�Dv �j	mj � 
m uwJ

jf�x� �m� 	 f�x�

�m
j � j

mX
n��

�
�

�

n	nj

� �m 	
m��X
n��

�n

�
�
���

m � ���

� �Ow� Oy�wNv Q�PBjDWt x QO f TB ��m � 
 �m�� �Dkw

�oDUw�Bty ��

��xr��vO Q� R ��Q�O Q�Ov�Qm �k�kL �xr��vO Qy xm s�O�O �� pYi 
 VN� �� �x��k QO
u�� x� x��W �R�J R�v ���wD ��yxr��vO ��Q� ��� xm OwW�t KQ	t p�w
U u�� w �CU�Qoty

�s�vm�t h� QaD �Q uOw� Q�Ov�Qm �wv wO �p�w
U uOW QDk�kO ��Q� �Q�N �� CU� CUQO

�Ov�xOW h� QaD X �xawtHt Q� xm OW�� ���wD R� ��xr��vO ffng s�vm ZQi �h� QaD �
Q�Ov�Qm ffn�x�g �xr��vO � x � X Qy��Q� x�oQy s�t�v Q�Ov�Qm ��x�kv Qw�� X Q� �Q ffng

xm u�vJ OW�� �xOW h� QaD X Q� xm �
 uwJ �y�vDt Q�O�kt �� �a��D ��va�  OW��

jfn�x�j � 
�x�� x � X�n � N�

OwHwt u�vJ M Ovv�t �OOa x�oQy s��wo Q�Ov�Qm CN�wvm� Qw�� X Q� �Q ffng �xr��vO
xm OW��

jfn�x�j � M� x � X�n � ������ � � � �
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s�vm ZQi �p�Ft �

fn�x� �
x�

x� � ��	 nx��
� x � �
��	� n � N�

�CU� Q�Ov�Qm CN�wvm� Qw	� �
��	 Q� ffng TB �jfn�x�j 
 � �CQwYv�� QO
u�vJty

lim
n�� fn�x� � 
� x � �
��	�

�rw
fn�

�
n
� � �� n � N�

�OwW �Qoty CN�wvm� Qw	� �
��	 Q� Ov�wD�tv ��xr��vO Q� R I�y xH�Dv QO

���wD R� ��xO�wv�N F w E � X w l� QDt ���i �X� d� s�vm ZQi �h� QaD �
Qy ��Q� x�oQy Ovt�v xDUw�Bty E �wQ �Q F �Ov�xOW h� QaD E �wQ xm OW�� �k�kL

�f � F Qy w x� y � E Qy ��Q� xm OW�� OwHwt u�vJ � � 
 Ovv�t �OOa � � 


d�x� y� � � �� jf�x�	 f�y�j � ��

u�ty F � ffg �oDUw�Bty x�ou� OW�� �w�a lD ��xawtHt F Qo � xm s�vm xHwD
F � ff�� f�� � � � � fng Qo � xm OwW�t xH�Dv �oO�Ux� �CU� f CN�wvm� �oDUw�B
Qo � xm CU� �y�O� u�vJty �CU� xDUw�Bty F x�ou� �OW�� CN�wvm� �xDUw�B fi Qy w

�CU� CN�wvm� �xDUw�B E QO f � F w�a Qy x�ou� �OW�� xDUw�Bty E QO F

�xawtHt Q� �k�kL ���wD R� Q�Ov�Qm x	kv x� x	kv �xr��vO l� ffng x�oQy �x��k �
Qy ��R�x� xm �Qw	� OQ�O ffnkg Ovv�t ��xr��vOQ� R ffng x�ou� �OW�� E Q�PBVQ�tW

�CU�Qoty ffnk�x�g �x � E
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Q� R �CU� Q�Ov�Qm ffn�x��g uwJ �OW�� E � fx�� x�� � � � g s�vm ZQi �u�yQ

�OW���t �Qoty ff��k�x��g �k �� �Dkw xm OQ�O OwHw u�vJ ff��kg Ovv�t ��xr��vO

�O� Q�o� Q�v QO Q� R CQwY� �Q S�� S�� S�� � � � xr��vO p�L

S� � f��� f��� f��� f��� � � �
S� � f��� f��� f��� f��� � � �
S� � f��� f��� f��� f��� � � �
���

���
���

���
���

�CU� Q�OQwNQ� Q� R X�wN R� fSng �xr��vO
�CU� Sn�� R� ��xr��vO Q� R Sn �n � ����
� � � � ��R�x� �hr��

�Q Sn ��NDv� ffn�xn�g uOw� Q�Ov�Qm � CU�Qoty ffn�k�xn�g �k �� �Dkw ���
��OR�U�t umtt j� Q� u�� x�

R� V�B �a��D S� QO Qo � ��va�  CU� �m� xr��vO Qy QO �ya��D uOW Qy�! ��DQD �G�
QO �OwW hPL �yv� R� �m� xmv�� �D CUy u�Wv�� Sn Qy QO x	��Q u�� �OW�� �Qo�O
AJ x� �y���D CU� umtt �s� wQ�t Oa� Q	U x� Q	U l� R� jwi �x��Q� QO �Dkw �xH�Dv

�CiQ Ovy�wNv CU�Q x� RoQy �rw Ovvm CmQL
�xr��vO ��va�  s� wQ�t u���B �jwi �x��Q� Q	k O�ODt� QO p�L

S � f��� f��� f��� f��� � � �

Q� R l� �u� pw� �xrtH n 	 � #q�tDL� RH x�� S �xr��vO ��G� x��v� �s� Q�o�t Q�v QO �Q
Qy ��R�x� xm OQm Oy�wN ��H�� ��� TB �CU� n � ������ � � � ��R�x� Sn �xr��vO

� �OW�� �Qoty �n�� �Dkw �ffn�n�xi�g �xi � E

R �wQ �OwaY ���wD R� ��xr��vO ffng s�vm ZQi ���ry ��NDv� x��k 	
CQwYv�� QO �
 
 fn�x� 
 � s�W�� xDW�O x Qy w n Qy ��R�x� xm �Qw� x� OW��
�� Helly
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x� x	kv R Q� ffnkg xm CUy �a��� O�Oa� R� fnkg Ovv�t ��xr��vO w f Ovv�t �a��D
�CU�Qoty f x� x	kv

OOa Qy ��R� x� xm CUy ffnkg Ovv�t ffng R� ��xr��vO Q� R jwi x��k Q��v� �u�yQ

Q� R CQwY� R Q� �Q g ���D �CU�Qoty g�q� Ovv�t �OOa x� ffnk�q�g �xr��vO q ��� wo

�s�vm�t h� QaD
g�x� � sup

q�x
g�q��

s� Q�O q ��� wo OOa Qy ��R�x� TB �
 
 fn�x� 
 � �x Qy w n Qy ��R�x� uwJ
u�Wv p�L �
 
 g�x� 
 � s� Q�O x � R Qy ��R�x� xH�Dv QO w 
 
 g�q� 
 �
�p � q xm �Qw	� OvW�� �� wo OOa wO q w p Qo � �CU� �OwaY �a��D g xm s�yO�t
xH�Dv �Q�oOL �� w fnk�p� 
 fnk �q� s� Q�O fnk uOw� �OwaY Q��v� nk Qy ��R�x�

xmv� Q��N x� x�ou� x � y w x� y � R xJv�vJ �g�p� 
 g�q�xm OwW�t

fq � Q � q 
 xg � fr � Q � r 
 yg

CW�O s�y�wN

g�x� � sup
p�Q
p�x

g�p� 
 sup
p�Q
p�y

g�p� � g�y��

Ovv�t �Q�tW ��xawtHt g �oDUw�B�v "�kv �xawtHt w CU� �OwaY �a��D g xH�Dv QO
�OW���t E

O�vm ZQi �CU�Qoty g �oDUw�B �x	kv Qy QO ffnkg xm s�yO�t u�Wv p�L
�OW�� xOW xO�O � � 
 Qo � �CU� xDUw�B u� QO g xm OW�� R QO �y�wNrO �x	kv x�

s� Q�O jx	 x�j � � xJv�vJ x � R Qy ��R� x� xm CUy ��� � 
 x�ou�

jg�x�	 g�x��j � �

� �
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xm CUy s w r Ovv�t �� wo OOa wO �R QO �� wo O�Oa� uOw� p�oJ Q��v� �t�

x� 	 � � r � x� � s � x� � ��

CUy n� Ovv�t �OOa �Ov��Qoty g�s� w g�r� x� ��DQDx� ffnk�s�g w ffnk�r�g uwJ
s� Q�O k � n� Qy ��R�x� xm

jfnk�s�	 g�s�j � �

� w jfnk�r�	 g�r�j � �

� �

CW�O s�y�wN k � n� Qy ��R�x� �Pr

g�x��	 � �� � g�r� 	 �

� � fkk�r� 
 fnk �x��


 fnk �s� � g�s� �
�

� � g�x�� � ��

w jg�r� 	 g�x��j � �

� xH�Dv QO w js 	 x�j � � w jr 	 x�j � � xm �Q� R
�jfnk �x��	 g�x��j � � s� Q�O k � n� Qy ��Q� xH�Dv QO �jg�s�	 g�x��j � �

�

�xawtHt �E uwJ w CU�Qoty g �oDUw�B "�kv �xty QO ffnkg xm OW C��F �Hv�� �D
CUy ffn��kg Ovv�t u� R� ��xr��vO Q� R jwi �x��k Q��v� �CU�Q�tW �g �oDUw�B�v "�kv
Qy QO xm CU� ffng R� ��xr��vO Q� R ffn��kg xH�Dv QO �CU�Qoty E �x	kv Qy QO xm

��va�  s� Q�o� ffn��kg OL ���D �Q f CU� �i�m w CU�Qoty R �x	kv

f�x� � lim
k��

fn��k�x� �x � R���

w �fn � C�K� �n � N ��Q� �xOw� xOQWi l� QDt ���i l� K x�oQy �x��k �
�Ow� Oy�wN xDUw�Bty K Q� ffng x�ou� �OW�� �Qoty CN�wvm� Qw	� K Q� ffng

�CU�Qoty CN�wvm� Qw	� ffng uwJ �OW�� xOW xO�O � � 
 s�vm ZQi �u�yQ

xm CU� OwHwt u�vJ n� C�Ft K�LY OOa

jjfn 	 fn�jj � �� �n � n��
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CUy �D�Ft �� �Ov�xDUw�B CN�wvm� Qw	� xOQWi ��yxawtHt Q� xDUw�B ���wD uwJ
�d�x� y� � � w � 
 i 
 n� Qo � xm �Qw	�

jfi�x�	 fi�y�j � �� ���

xm OW Oy�wN xH�Dv �d�x� y� � � w n � n� xJv�vJ

jfn�x�	 fn�y�j 
 jfn�x�	 fn��x�j� jfn��x�	 fn��y�j
� jfn��y�	 fn�y�j
� ���

� �Ovm�t C��F �Q x��k ���� x�Qty x� �u��

ffng w �n � ������ � � � ��R�x� fn � C�K� �xOw� xOQWi K x�oQy �x��k �
x�ou� �OW�� xDUw�Bty w Q�Ov�Qm x	kv x� x	kv K Q�

 CU� Q�Ov�Qm CN�wvm� Qw	� K Q� ffng �hr��
�OW���t �Qoty CN�wvm� Qw� x� ��xr��vO Q� R pt�W ffng ���

�ffng uOw� xDUw�Bty x��v� �OW�� xOW xO�O � � 
 s�vm ZQi �hr�� �u�yQ

s� Q�O n Qy ��R�x� �d�x� y� � � Qo � xm CU� OwHwt u�vJ � � 


jfn�x�	 fn�y�j � ��

OwHwt u�vJ K QO pr �� � � �p� �p� Ovv�t x	kv �y�vDt �O�OaD �CU� xOQWi K uwJ
uwJ w OW���t d�x� pi� � � C�Y�N �� pi l� sm CUO Q��v x � K Qy xm CU�

n Qy ��Q� xm CU� OwHwt u�vJ �� Mi �� CU� Q�Ov�Qm x	kv x� x	kv ffng

jfn�pi�j � Mi�
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�jfn�x�j � M�� �x � K Qy ��R�x� x�ou� �M � max�M�� � � � �Mr� O�yO Q�Qk
�Ovm�t C��F �Q �hr�� u��

OwHw E �xawtHt �QJ� OW�� K R� �Q�PBVQ�tW p�oJ �xawtHt Q� R E s�vm ZQi ���
xm u�vJ OQ�O ffnig Ovv�t ��xr��vO Q� R ffng xm OyO�t u�Wv 
 �x��k ��&OQ�O

�CU�Qoty x � E Qy ��R�x� ffni�x�g
K Q� fgig s�vm�t C��F �fni � gi O�yO Q�Qk �Q�PoO�tv uOW QDxO�U ��Q�

�CU�Qoty CN�wvm� Qw	�
�s�W�� xOQm ��NDv� p�k CtUk u�yQ� Ovv�ty �Q � � 
 w � � 
 s�vm ZQi

O�yO Q�Qk
V �x� �� � fy � K � d�x� y� � �g�

QO xm �� � � �x� Ovv�t x	kv �y�vDt �O�OaD �CU� xOQWi K w p�oJ K QO E uwJ
xm OvDUy E

K � V �x�� �� 
 � � � 
 V �xm� ��� ���
OwHwt u�vJ n� Ovv�t �L�LY OOa �CU�Qoty fgi�x�g �x � E Qy ��R�x� uwJ w

CW�O s�y�wN �� 
 s 
 m w i� j � n� �Dkw xm CUy

jgi�xs�	 gj�xs�j � �� ���

�x � V �xs� �� ���s ��R�x� xm OyO�t u�Wv ��� �x	��Q �x � K xJv�vJ
�i Qy ��Q� TB

jgi�x�	 gi�xs�j � ��

xm OwW�t xH�Dv ��� �w�Ut�v R� �i� j � n� x�oQy

jgi�x�	 gj�x�j 
 jgi�x�	 gi�xs�j� jgi�xs�	 gj�xs�j
� jgj�xs�	 gj�x�j

� ���

http://math75.ir


��� 	��wD ��y�QU w �yxr��vO ��

� �Ovm�t pt�m �Q u�yQ� u��

�v�wD ��y�QU ��

OW���t Q� R pmW x� �QU ��v�wD �QU l�

a� � a�x� a�x
� � � � �� anx

n � � � � �
�X
n��

anx
n

�OvwW�t xO�t�v �QU ���Q� w OvW���t C��F � � � �an �� � � �a� �a� xm
xR�� l� #qwtat ���Qoty �xvt�O w CU� x x� xDU��w �v�wD �QU l� ���Qoty

�OW�� ��x	kv lD Ov�wD�t �X�N Cr�L QO �xm OW���t

�OW�� �Qoty x R� ��x� QiY Q�e Q�Okt ��Q� �v�wD �QU l� x�oQy ��p
�� x��k �
xm x R� Q�Okt Qy ��Q� x�ou�

jxj � jx�j

xm x Qy ��Q� x�ou� �OW�� �Qo �w ��x� ��R�x� �QU x�oQy �CU�Qoty jr	t Qw	� �QU

jxj � jx�j

�CU�Qo �w �QU

�QU ZQi x��v� �u�yQ


a� � a�x� � a�x
�
� � � � �� anx

n
� � � � �

u�vJ M C�Ft OOa �Qo�O CQ��a� �n�� �Dkw anxn� � 
 u��Q��v� �CU�Qoty
�CU� QDmJwm M R� �QU R� xrtH Qy jr	tQOk xm CU� OwHwt
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s�vm�t �U� wvR�� Q� R CQwY x� �Q �v�wD �QU

a� � a�x��
x

x�
� � a�x

�
��
x

x�
�� � � � �� anx

n
��

x

x�
�n � � � � �

OW���t Q� R pmW x� CqtH jr	tQOk �� �QU

ja�j� ja�x�jj x
x�
j� ja�x�

�jj
x

x�
j� � � � �� janxn� jj

x

x�
jn � � � � �

OvW���t Q� R �QU QO xDU��w CqtH R� QDmJwm �QU u�� CqtH

M �M j x
x�
j�M j x

x�
j� � � � ��M j x

x�
jn � � � � �

�Pr w OW���t j x
x�
j � � C�Uv QOk �� �UOvy �QU �jwi �QU �jxj � jx�j ��Q�

Cr�L �CU�Qoty jr	t Qw	� jxj � jx�j ��Q� �v�wD �QU u��Q��v� �CU�Qoty
� �OwW�t C��F� x��Wt �WwQ x� ���Qo �w

�v�wD �QU l� ���Qoty ��aW uOQw� CUO� ��Q� �Q �WwQ p�L ����Qoty ��aW �
�s�yO�t x��Q�

OW�� xOW xO�O Q� R �v�wD �QU s�vm ZQi

a� � a�x� a�x
� � � � �� anx

n � � � � �
�X
n��

anx
n�

O� Q�o� Q�v QO O���t CUO� jwi �QU CqtH R� �Q�ojr	t QOk �� xm �Q Q� R �QU

ja�j� ja�jjxj� ja�jjxj� � � � �� janjjxjn � � � � �
�X
n��

janjjxjn�

x�ou� �OyO u�Wv �Q �QU u�� ���Qoty ��aW R s�vm ZQi

R � lim
n��

�
n

q
janj
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��
R � lim

n�� j
an
an��

j�

p�L
lim
n�� j

an��x
n��

anxn
j � lim

n�� j
an��

an
jjxj � Ljxj

x�oQy CU� �Qoty �QU �Q�tq�O C�Uv uwtR� x��v� x�ou� �L � lim
n�� j

an��

an
j u� QO xm

�jxj � �
L

x�oQy ��va� �Ljxj � � x�oQy CU�Qo �w w jxj � �
L

x�oQy ��va�  Ljxj � �
u��Q��v�

R �
�
L
� lim

n�� j
an
an��

j�

CW�O s�y�wN ��Wm C�Uv uwtR� uOQ� Q�m x� �� x��Wt Qw	�

lim
n��

n

q
janxnj � lim

n��
n

q
janjjxj � Ljxj�

 Ljxj � � Qo � CU�Qo �w w jxj � �
L

x�oQy ��va�  Ljxj � � Qo � CU�Qoty �QU x�ou�
u��Q��v� �jxj � �

L
x�oQy ��va�

R �
�
L
� lim

n��
�

n

q
janj

�

XNWt �Q P�
n�� x

n �v�wD �QU ���Qoty �xR�� w ���Qoty ��aW �hr�� ��yr�Ft �
s� Q�O �O�vm

lim
n�� j

xn��

xn
j � jxj�

���Qoty ��aW �Pr �CU�Qo �w jxj � � ��Q� w CU�Qoty jxj � � ��Q� �QU u��Q��v�
�OW���t �	���� ���Qoty �xR�� w �

OW���t Q� R CQwY� ex ��Q� uQwrmt �QU xm s�O�O � pYi QO ���

ex � � � x�
x�

�� �
x�

�� � � � � �
�X
n��

xn

n�
�
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�x � R Qy ��Q� Cr�L u�� QO

lim
n�� j

xn��

�n� ��� �
n�

xn
j � lim

n��
jxj

n� � � 
�

��	����� R� CUDQ��a ���Qoty �xR�� w CU� R �� ���Qoty ��aW u��Q��v�
cos x � � 	 x�

�� �
x�

�� 	 � � � � �	��n x�n

��n�� � � � � �
P�

n���	��n x�n

��n�� �G�
�CU� R �� ���Qoty ��aW ��Q�O

sinx � x	x�

���
x�


�	� � ���	��n�� x�n��

��n������ � � �
P�

n���	��n�� x�n��

��n���� �O�
�OW���t R �� ���Qoty ��aW ��Q�O

s� Q�O jxj � � ��Q� �y�

log�� � x� � x	 x�

� �
x�

� 	 � � �

�Pr w

lim
n�� j 	

xn��

n � � �
n

xn
j � lim

n�� j
n

n� �xj

� lim
n��

�
� � �

n

jxj � jxj�

�OW���t � Q��Q� ���Qoty ��aW u��Q��v�
C�Ft K�LY OOa m xm ����x�m ��xrtH wO �QU ��Q� ���Qoty ��aW xm s�O�O �w�

�CU� � �OW��v

T�QDW�Q��w �� QkD �x��k ��

�s�yO�t x��Q� pmW u� QDxO�U x� T�QDW�Q��w QwyWt x��k R� �Q �v�yQ� �VN� u�� QO
�Ovm�t �� QkD �y��xrtH OvJ �� �Q �a� b	 xOQWi �xawtHt �wQ �xDUw�B ���wD �x��k u��
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�wQ xDUw�B �k�kL ���D f s�vm ZQi ��T�QDW�Q��w �� QkD �x��k� x��k �
P ��xrtHOvJ x�ou� �OW�� xOW xO�O � � 
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xR�Ov� �OW���t xR�� pw� R� s�taD l� xR�Ov� swyit xm O�O Oy�wN xOvv�wN �OwR�
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